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Abstract: Guarantee provision in privately financed infrastructure projects implemented as build-operate-transfer/public-private-partnership
(BOT/PPP) arrangements is not uncommon in many countries, and Indonesia is no exception. But, given that the government budget is, in
most if not all cases, not unlimited, there must be a selection of BOT/PPP projects posing proposals for seeking government guarantees. This
paper presents a project selection methodology under the chance-constrained goal-programming framework in the context of the Indonesian
BOT/PPP infrastructure industry. The ultimate objective of the selection is to result in a portfolio of guaranteed projects that brings maximum
welfare gain to the economy as a whole, maximum total net change in financial net present value but, at the same time, puts the government at
the lowest fiscal risk for a given budget constraint. The proposed methodology allows the government to examine relationships among the
expected total payment, budget-at-risk allocated, and a desired confidence interval of actual payment not exceeding the budget-at-risk.
The government can also compare two or more alternative scenarios and choose the optimal one that delivers the highest value for the
money. To illustrate the model application, without sacrificing the generality of the proposed methodology, a much-simplified hypothetical
case is presented, examined, and discussed. DOI: 10.1061/(ASCE)CO.1943-7862.0000312. © 2011 American Society of Civil Engineers.
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Introduction

Most, if not all, governments around the world have acknowledged
the significance of adequate and reliable infrastructure facilities in
stimulating and promoting national economic growth. Despite a
lack of unanimity among economists concerning the elasticity of
infrastructure investments, numerous studies have attested that in-
frastructure plays a pivotal role; if infrastructure is not the engine, it
is at least the wheels of economic activity (World Bank 1994).
However, many governments, especially in developing economies,
are often lacking in the financial resources essential for building
new and maintaining existing infrastructure facilities. Exacerbated
by low efficiency and lack of transparency in their management,
poor quality infrastructure service to the community is inevitable.

In the case of Indonesia, a total infrastructure investment of
about IDR 1,400 trillion (approximately USD 140 billion) will
be needed to support 6.5–7.0% national economic growth for
2010–2014. Given a limited budget, the Government of Indonesia
(GoI) can only afford to finance about one-third of the total

investment required, thus leaving a substantial gap and signifying
the urgent need for alternative solutions other than traditional tax-
based public funding (Susantono 2010). As with other govern-
ments, the GoI seeks private financing to bridge the gap. However,
the effort is not as simple as it appears, especially when looking into
the specific requirements of infrastructure investment.

Infrastructure investment is typically characterized by a high de-
gree of asset specificity and large project-specific risks that cannot
be diversified in financial markets (Dailami et al. 1999). The
International Infrastructure Summits of 2005 and 2006, hosted
by the GoI, demonstrated how difficult it is to attract private partici-
pation in the infrastructure sector. At these events, a total of 91 infra-
structure projects across sectors were offered for build-operate-
transfer/public-private-partnership (BOT/PPP). Both events failed
to attract the anticipated large number of domestic and international
investors, despite claims being made by government officials that
prospective investors had, indeed, expressed great interest in partici-
pating (Wibowo and Mohamed 2010).

In 2006, the GoI embarked on a new policy reform, including
the provision of guarantees to protect private investors from project
risks related to the GoI’s responsibilities or payment obligations,
political risks, and market demand. Although the guarantee provi-
sion has not yet been tested in practice because the guarantee pro-
gram is still in its infancy, the initiative to provide guarantees
should be deemed as, at least, a stepping-stone on the way to
making the investment environment friendlier. To bring the initia-
tive closer to becoming a reality, the GoI established the Indonesia
Guarantee Fund (IGF) in 2009, authorized to manage all
government guarantees provided for BOT (build-operate-transfer)/
PPP projects requiring such support. At present, the exact format of
the Fund is still under intensive discussion by relevant ministries.
For the IGF’s operation and management, the GoI has reportedly
injected an initial capital of IDR 1 trillion.
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When offering guarantees, the government may incur substan-
tial contingent liabilities that, if called upon to be paid, can be a
severe obligation. Given that the budget is not unlimited, the
key issue for the government is to select the most appropriate
BOT/PPP projects to be guaranteed. Selection naturally depends
on the riskiness of projects, the risk acceptance level of the
government, budget availability, project significance, and objec-
tives of guarantee provision. The present paper, under the
chance-constrained goal-programming (CCGP) model combined
with Monte Carlo simulation (MCS), develops a model for
decision-making when selecting the most appropriate BOT/PPP in-
frastructure project(s) to be guaranteed.

The problem of interest shares some characteristics with those
in the traditional capital rationing theory, with the exception that it
involves both multiple objectives and uncertainties. Although the
present study only focuses on minimum revenue guarantee, the
methodology introduced can also be applied to other types of guar-
antees. Given the distribution of risky variables, the quantification
of minimum revenue guarantee is relatively straightforward. In ad-
dition, it is not the objective of this paper to discuss the valuation
technique of guarantees, including the modeling of variable uncer-
tainties, because this issue has been covered elsewhere in more de-
tail (Irwin 2007; Mody and Patro 1996).

The paper is organized as follows. A brief description of guar-
antee provision in private infrastructure and Indonesia’s guarantee
program is presented, followed by the argument for making use of
the CCGP framework and model formulation. To illustrate model
application, a numerical example is presented, examined, and dis-
cussed. Limitations of the present study and future works are ac-
knowledged, and the paper closes with conclusions.

Guarantee Provision in Private Infrastructure

Historically, traditional government guarantee provision can be
dated back to biblical times. Possibly the earliest evidence of
government guarantee is contained in the Code of Hammurabi,
written 4,000 years ago (Irwin 2007). In privately financed infra-
structure projects, host governments often provide financial support
by means of guarantees (Dailami and Klein 1998). When offering
guarantees, the governments do not incur an immediate cost, but
they must assume contingent liabilities (Irwin 2003).

While contingent liabilities represent real liabilities (Lewis
and Mody 1998), most governments do not account for the contin-
gent liabilities they incur. Because no attempt has been made to
systematically estimate contingent liabilities, the full extent of these
liabilities is not known (Mody and Patro 1996). In some cases,
government guarantees may soon represent an unmanageable level
of exposure, not only because of their size relative to the size of the
government’s balance sheet, but also because their contingent
nature implies the possibility of sudden and substantial obligations
due over a short period of time (Lewis and Mody 1997). Starting
with the U.S. 1991 Credit Reform Act, some governments have
begun assessing the fiscal impact of guarantees (Klein 1997).
Thobani (1999) asserted that governments would have no fiscal in-
centive to issue guarantees rather than giving subsidies, because
both would show up as expenditures, affecting the deficit, and both
would require appropriation by legislation.

Indonesia’s Infrastructure Guarantee Program

The Indonesian infrastructure guarantee program for BOT/PPP in-
frastructure development was officially launched in 2006, as
Ministry of Finance Regulation No. 38/PMK/2006. The regulation
prescribes the procedure of submitting proposals to seek

government guarantees against political, project performance,
and demand risks. Included in the political risks category are
any unilateral action by the government that adversely affects
the project profitability, including expropriation, changes in legis-
lation, and inconvertibility/transferability of foreign exchange.
The project performance risks encompass land acquisition risk, tar-
iff risk, and changes in output specification. Under the demand risk
guarantee, the GoI must reimburse the project sponsor for any
shortfall of guaranteed demand but is entitled to claim excessive
demand. The guarantee scheme aims to protect the project sponsor
from up- and downside demand risk. The default requirements for
qualifying for a government guarantee are that the project of inter-
est must be both technically and financially feasible, and the cost
and fiscal risk arising from the guarantee provision do not exceed
the government’s ability to pay.

Prior to the enactment of the regulation, the guarantee provision
was typically project-based and sometimes merely resulted from
outcomes of a series of negotiations held by the project sponsor
and the government, thereby raising the issue of transparency
and accountability (Wibowo 2005). Under the regulation, the guar-
antee proposal is prepared and submitted by the proposing techni-
cal ministry to the Committee for Infrastructure Acceleration
Development for preliminary examination before being forwarded
to the Minister of Finance via the Risk Management Unit (RMU)
for further consideration. The RMU provides the Minister with a
recommendation on whether to approve or disapprove the proposal.
If approved, the proposal will be forwarded to the parliament for
final approval. The proposing technical ministry will stipulate the
provision of guarantee in the tender document if the parliament ap-
proves the guarantee proposal.

Rationale of Use of Chance-Constrained Goal
Programming

Conflict of interest in today’s decision-making is not uncommon.
The conflict may be rooted in multiple decision makers with differ-
ent vested interests, or the existence of multiple objectives that
consume common resources. The uncertain nature of the decision-
making complicates the problem. While the former problem situa-
tion can be dealt with using goal programming (GP) (Charnes
et al. 1955; Tamiz et al. 1998), the latter can be solved with chance-
constrained programming (CCP) to determine the optimal stochas-
tic decision rule under the prescribed levels of probability
constraint (Charnes et al. 1958; Charnes and Cooper 1959).

The problem at hand is that the GoI is faced with a set of feasible
project alternatives that are difficult or impossible to implement
without guarantees. When issuing guarantees, the GoI needs to
budget every year for the guarantee claims, as part of risk manage-
ment policies, with the budget level determined by the tolerance
degree the GoI can accept. The GoI is put at greater risk if it accepts
more than one project whose risks and uncertainties are positively
correlated one to the other. This may trigger all the projects calling
in the guarantees at the same time, requiring the GoI to pay out a
substantial sum of money, jeopardizing fiscal sustainability. If the
GoI decides to offer guarantees, it must be ensured that the guar-
antee provision will bring a positive impact to the economy and the
financial viability of the guaranteed projects.

Bearing all these in mind, the GoI should, therefore, not only
evaluate the guarantee impact on the project on an individual basis,
but also on an aggregate basis. This facet of the problem has not
been addressed in the existing studies that exclusively focused on
individual projects (e.g., Dias and Ioannou 1995; Irwin 2007;
Mody and Patro 1996; Sosin 1980; Wibowo 2004; Wibowo
2006). Neither GP nor the CCP can be used to solve this aspect
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of the problem. Another approach is needed that can take advantage
of the individual virtues of GP and CCP, and the CCGP perfectly
meets this requirement. Since its development, CCGP has received
much attention from experts and practitioners in assorted disci-
plines (e.g., Choi and Levary 1989; Keown 1978; Mohammed
2000; Rakes et al. 1984; Song et al. 2008).

Problem Statement and Model Formulation

We used net present value (NPV), not internal rate of return (IRR)
as the project viability indicator because of its additive property
(Crundwell 2008) that is useful for the model formulation. In
the modeling, the viability in economic terms, measured by the eco-
nomic NPV (ENPV), was distinguished from that in financial
terms, measured by financial NPV (FNPV). Hence, this requires
the governments to do both financial and economic analysis under
the proposed methodology. Whereas the financial analysis of a
project assesses whether it will be commercially profitable for
the enterprise implementing it (Perkins 1994), economic analysis
attempts to assess the overall impact of a project on improving
the economic welfare of the citizens in the country concerned
(Economic and Development Resource Center 1997).

The government is keen to see all the economically feasible
projects requiring guarantees implemented. On the other hand, it
is also in the government’s interest to ensure fiscal sustainability.
Because room for contingent liability is not unlimited, not every
project can be guaranteed; fewer projects to guarantee means less
fiscal burden and risk for the government. This conflict situation
well represents the two different government positions—that of
the ministry of finance as the fiscal keeper and the technical min-
istries as the agents of development. Given this situation, we for-
mulated a problem statement as follows: “How to select BOT/PPP
infrastructure projects to obtain an optimal portfolio of guaranteed
projects that brings the maximum economic NPVand net change in
financial NPV but puts the government at the lowest fiscal risk for a
given budget constraint.”

Economic Constraint

It has been a norm in any public investment decision analysis that
governments only accept economically feasible projects that re-
quire public funding intervention, irrespective of the projects’ being
guaranteed or not. The first goal of the government is to maximize
the total ENPV resulting from the implementation of guaranteed
projects. In this paper, the terms of goal and objective are used in-
terchangeably and the tilde symbol (∼) over a variable denotes that
the variable is stochastic.

For the sake of simplicity, it is assumed that the project ENPV is
known with certainty or can at least be fairly assumed. It is worth
noting here that the methodology for calculating ENPV is beyond
the scope of this paper; that issue is best handled elsewhere (World
Bank 1996). Under the CCGP framework, the objective is written
as follows:Xm

i¼1

XiENPVi � δþENPV þ δ�ENPV ¼
Xm
i¼1

ENPVi ð1Þ

where Xi ¼ 1 if the project i is guaranteed; otherwise, Xi ¼ 0; m =
number of qualified projects; ENPVi = project i’s ENPV; δþENPV =
positive deviational variable (overachievement) of the ENPV tar-
get; and δ�ENPV = negative deviational variable (underachievement)
of the ENPV target. Under the goal-programming framework, the
deviational variable is an auxiliary variable used to represent either
a negative or positive deviation from the defined target value.

Because we are only concerned with underachievement in the eco-
nomic constraint, the negative deviational variable in Eq. (1) is un-
desired and must be correspondingly minimized.

Budget Constraint

All things being equal, it is generally accepted that the government
prefers projects with less cost to taxpayers. We translated this con-
ventional wisdom into minimization of the expected guarantee pay-
ment. Let C be the expected total payment in present-value terms.
The objective of minimizing the expected total payment can be
written as follows:Xm

i¼1

XiEð~GiÞ � δþC þ δ�C ¼ C ð2Þ

where Eð~GiÞ = expected total payment of guarantee portfolio in
present-value terms; δþC = positive deviational variable of expected
total payment target; and δ�C = negative deviational variable of
expected total payment target. The positive deviational variable
in Eq. (2) is the unwanted one because it increases cost to the
government and needs, therefore, to be minimized.

Financial Impact Constraint

Guarantees are provided to render projects financially more attrac-
tive. We expressed the objective as maximization of total net
change in FNPV of projects before and after guarantee. While
the previous objective was to minimize the expected payment of
the guarantee portfolio, the present goal is to maximize the ex-
pected benefit. The approach resembles the concept of traditional
benefit-cost ratio (BCR) assessment. But, instead of aggregating
benefit and cost information into a single metric, we handled them
individually. The goal is mathematically written as follows:Xm

i¼1

h
Eð gFNPV�

i Þ � Eð gFNPViÞ
i
Xi � δþB þ δ�B

¼
Xm
i¼1

h
Eð gFNPV�

i Þ � Eð gFNPViÞ
i

ð3Þ

where Eð gFNPV�
i Þ = expected FNPV of project i after guarantee;

Eð gFNPViÞ = expected FNPV of project i before guarantee; δþB =
positive deviational variable of net change; and δ�B = negative de-
viational variable of net change. The unwanted variable in Eq. (3) is
underachievement of the target.

Annual Fiscal Risk Constraints

The expected guarantee payment has been a useful measure of
government exposure. However, the government needs to remain
attentive to the worst-scenario payment because guarantee payment
can theoretically run from zero to infinity. We argued that the
government must limit the likelihood of annual total payment ex-
ceeding the allocated annual budget, which is termed by Irwin
(2007) as “the excess-payment-probability.” Compared to deriving
mathematical formulations for goals that are relatively straightfor-
ward, modeling fiscal risk constraints is rather complicated. Under
a CCP framework, the objective to minimize fiscal risk can be mod-
eled as follows:

P

�Xm
i¼0

Xi
~Git > At

�
≤ α for t ¼ 1; 2;…;K ð4Þ
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where P = probability; ~Git = portfolio guarantee payment made for
project i at period t; At = annual budget-at-risk allocated for period
t; α = allowed excess-payment-probability; and K = horizon period
of the guarantee program. We defined the budget-at-risk as an
amount of money the government must allocate with a particular
degree of confidence (1� α) that actual payment will not exceed
the amount. If α is set at 0.05, there is a 95% confidence interval
that actual payment is below the budget-at-risk. It is worth noting
here that the budget-at-risk or excess payment should not be con-
fused with the expected payment. While the former typically rep-
resents the worst-scenario payment, the latter reflects the payment
the government may expect.

To model the fiscal risk, we adopted the safety first principle
(Roy 1952). The principle implies that an investor would prefer
the investment with the smallest probability of going below the
“disaster level” or target return. We employed the Gauss inequality
that states that if there exists a random variable ~S with mode ms,
mean μs, and standard deviation σs, then for any positive value of k
(Sellke 1996)

P
�
j~S� msj > k

�
≤ α ð5Þ

where

α ¼
(�

2τ
3k

�
2

for k ≥ 2τffiffi
3

p

1� k
τ

ffiffi
3

p for 0 ≤ k ≤ 2τffiffi
3

p
ð6Þ

and

τ 2 ¼ ðμs � msÞ2 þ σ2
s ð7Þ

This inequality is distribution-free and only requires information
on the first two moments and the mode. The mean and variance of a
guarantee portfolio for period t can be calculated as

Eð~GtÞ ¼
Xm
i¼1

XiEð~GitÞ for t ¼ 1; 2;…;K ð8Þ

σ2ð~GtÞ ¼
Xm
i¼1

X2
i σ2ð~GitÞ þ 2

Xm
i¼1

Xm
j ¼ 1

i ≠ j

XitXjtρGit ;Gjt
σð~GitÞσð~GjtÞ

for t ¼ 1; 2;…;K ð9Þ

where Eð~GtÞ = expected guarantee payment for period t; Eð~GitÞ =
expected guarantee payment for project i for period t; σð~GtÞ = stan-
dard deviation of guarantee payment for project i for period t; and
ρGit ;Gjt

= coefficient of correlation between the government pay-
ments for projects i and j for period t.

We borrowed the idea of the single index model in the finance
theory (Elton and Gruber 1995) by assuming that comovement be-
tween project performances is the result of a common factor. We
directly correlated individual project performance and the market
movement so that the second term of the right-hand side of Eq. (9)
can be dropped; if not, the resulting correlation is double counted.
This idea simplifies the computational processes because only m,
instead of 1=2ðm2 þ mÞ, input data are needed to calculate the
variance.

If only one underlying risky variablewith a particular distribution
function (e.g., normal, exponential, double exponential, Cauchy) is
involved, the first two moments of distribution i.e., expected value
and variance, have explicit forms (see, for example, Olive 2002).
However, a real world problem is not that simple. A guarantee pay-
ment often depends on the project performance. In reality, the project
performance is heavily influenced by many random variables with
different distributions (e.g., demand, tariff, interest rate, inflation
rate, construction cost, and operation and maintenance cost). Con-
sequently, the analytical solution requires solving complex math-
ematical problems that are often cumbersome for decision
makers to use. Therefore, the use of simulation is essential, espe-
cially when a situation arises that is very difficult (or even impos-
sible) to represent by tractable mathematical models (Better and
Glover 2006). With simulation, obtaining the first or a higher mo-
ment of the government payment distribution is no longer an issue.

One problem that remains is to derive the explicit form of mode.
Fortunately, the guarantee payment can be safely assumed to have
mode 0; if not, the guarantee no longer contains a contingent liabil-
ity and has effectively been transferred to a noncontingent liability,
just like a direct subsidy, with the likelihood of being called effec-
tively one. This could happen if the threshold is set extremely far
below (or above) the forecast. For instance, the government might
be willing to guarantee minimum revenue of 300% of the forecast.
In fact, no such guarantee would be available if the government is
rational. Additionally, the guarantee payment distribution is trun-
cated at zero. The validity of a zero-mode assumption can be easily
verified with simulations.

Substituting Eqs. (8) and (9) into Eqs. (4)–(7) yields

P

�Xm
i¼1

Xi
~Git > At

�
≤

8>>><>>>:
4
9At

nhP
m
i¼1 XiEð ~GitÞ

i
2 þP

m
i¼1 X

2
i σ2ð ~GitÞ

o
if At > λ

1� Atffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

nhP
m
i¼1

XiEð ~GitÞ
i
2

þ
P

m
i¼1

X2
i σ

2ð ~GitÞ
or if 0 ≤ At ≤ λ for t ¼ 1; 2;…;K ð10Þ

where

λ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihP
m
i¼1 XiEð ~GitÞ

i
2 þP

m
i¼1 X

2
i σ2ð ~GitÞ

3

vuut ð11Þ

Under the safety first principle, instead of minimizing the left-
hand side, the right-hand side of Eq. (10) is minimized, and follow-
ing the CCGP framework

4
9At

��Xm
i¼1

XiEð ~GitÞ
�
2
þ
Xm
i¼1

X2
i σ2ð ~GitÞ

	
� δþGt

þ δ�Gt
¼ α

if At > λ for t ¼ 1; 2;…;K

ð12Þ

and

1� Atffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
nhP

m
i¼1 XiEð ~GitÞ

i
2 þP

m
i¼1 X

2
i σ2ð ~GitÞ

or � δþGt
þ δ�Gt

¼ α

if 0 ≤ At ≤ λ for t ¼ 1; 2;…;K ð13Þ
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In the fiscal risk constraint, the goal is to minimize positive de-
viational variables. In a more complex situation, the annual budget-
at-risk is stochastic. In this case, the Gauss inequality cannot be
used, and one has recourse to the one-sided Chebyschev’s inequal-
ity called Cantelli’s inequality (Benzi et al. 2007). However, as with
the Chebyschev’s inequality, the Cantelli’s gives a very rough
approximation in the case in which the distribution is known
(see Appendix 1).

Ultimate Objective

The ultimate objective of the government is to minimize the un-
wanted deviational variables

min Zðδ�ENPV; δþC ; δ�B ; δþG1
; δþG2

;…δþGK
Þ ð14Þ

GP models can be classified into two subsets: weighted GP
(WGP), and lexicographic GP (LGP). Under the WGP approach,
the decision maker assigns weights to the deviational variables

according to their relative importance and minimizes the weighted
sum (or archimedian sum), whereas under the LGP, the decision
maker sets the deviational variables into a number of priority levels
and minimizes in a lexicographic sense [see detailed discussion in
Tamiz et al. (1998)]. We adopted the former because the calculation
can be performed in one sitting. In so doing, Eq. (14) can be re-
written as

min Z ¼ wENPVδ�ENPV þ wCδþC þ wBδ�B þ
XK
t¼1

wGt
δþGt

ð15Þ

where wENPV = relative weight for underachievement of ENPV tar-
get; wC = relative weight for overachievement of expected total
payment; wB = relative weight for target underachievement of
change in expected FNPV; and wGt

= target overachievement of
excess-payment-probability for period t. Another issue in using
the GP approach is noncommensurability among the goals, i.e.,
the deviational variables are measured in different units but
summed up directly, which can cause an unintentional bias toward

Table 1. ENPV Forecast of Qualified Projects (in IDR billion)

#Project

Year

ENPV @ 10%0 1 2 3 4 5 6 7 8 9 10

1 �256:00 40.00 44.00 48.40 53.24 58.56 64.42 70.86 77.95 85.74 94.32 107.64

2 �415:00 100.00 105.00 110.00 115.00 120.00 125.00 130.00 135.66

3 �200:00 56.00 60.48 65.32 70.54 76.19 82.28 91.90

4 �50:00 38.00 25.00 25.00 25.00 25.00 56.59

5 �225:00 58.00 63.00 68.00 73.00 78.00 83.00 88.00 121.18

6 �80:00 22.00 25.00 25.00 25.00 25.00 25.00 25.00 25.00 50.65

7 �75:00 26.00 26.00 26.00 26.00 26.00 26.00 26.00 26.00 26.00 74.73

8 �140:00 42.00 42.00 42.00 42.00 42.00 42.00 42.92

9 �175:00 40.00 42.00 44.10 46.31 48.62 51.05 53.60 47.35

10 �88:00 24.00 28.00 28.00 28.00 28.00 28.00 28.00 28.00 57.74

11 �165:00 40.00 44.80 50.18 56.20 62.94 70.49 63.34

12 �100:00 42.00 44.52 47.19 50.02 53.02 77.52

13 �98:00 37.00 38.11 39.25 40.43 41.64 42.89 74.31

14 �118:00 28.00 25.00 27.50 27.50 30.25 30.25 33.28 33.28 36.02

15 �180:00 45.00 45.00 45.00 50.00 50.00 50.00 50.00 50.00 50.00 50.00 114.79

Table 2. FNPV Forecast of Qualified Projects (in IDR billion)

# Project

Year

r FNPV0 1 2 3 4 5 6 7 8 9 10

1 �256:00 35.00 38.50 42.35 46.59 51.24 56.37 62.00 68.21 75.03 82.53 11.0 46.83

2 �415:00 90.00 95.00 100.00 105.00 110.00 115.00 120.00 14.0 24.19

3 �200:00 48.00 51.84 55.99 60.47 65.30 70.53 15.0 15.28

4 �50:00 25.00 25.00 25.00 25.00 25.00 13.5 36.87

5 �225:00 50.00 55.00 60.00 65.00 70.00 75.00 80.00 18.0 10.41

6 �80:00 20.00 25.00 25.00 25.00 25.00 25.00 25.00 25.00 20.0 11.76

7 �75:00 22.00 22.00 22.00 22.00 22.00 22.00 22.00 22.00 22.00 25.0 1.19

8 �140:00 35.00 40.00 40.00 40.00 40.00 40.00 12.0 19.99

9 �175:00 38.00 39.90 41.90 43.99 46.19 48.50 50.92 12.0 22.33

10 �88:00 22.00 25.00 25.00 25.00 25.00 25.00 25.00 25.00 14.0 25.34

11 �165:00 35.00 39.20 43.90 49.17 55.07 61.68 15.0 6.11

12 �100:00 40.00 42.40 44.94 47.64 50.50 16.0 45.14

13 �98:00 30.00 30.90 31.83 32.78 33.77 34.78 18.0 13.54

14 �118:00 25.00 25.00 27.50 27.50 30.25 30.25 33.28 33.28 15.0 7.95

15 �180:00 40.00 42.00 42.00 48.00 48.00 48.00 48.00 48.00 48.00 48.00 20.0 6.93
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the objectives with a larger magnitude (Tamiz et al. 1998). Normali-
zation by dividing the terms on the left-hand side of all the system
constraints by the corresponding targets can be performed to solve
the problem.

Optimization Model Revisited

With the left-hand side of the equations divided by the correspond-
ing targets, the optimization model can be rewritten as follows:

min Z� ¼ wENPVd�ENPV þ wCd
þ
C þ wBd�B þ

XK
t¼1

wGt
dþGt

ð16Þ

Subject to

FENPV � dþENPV þ d�ENPV ¼ 1 ð17Þ

FC � dþC þ d�C ¼ 1 ð18Þ

FB � dþB þ d�B ¼ 1 ð19Þ

FGt
� dþGt

þ d�Gt
¼ 1 if At > λ for t ¼ 1; 2;…;K

d�ENPV; d
�
B ; d

þ
C ; d

þ
G1
; dþG2

;…; dþGK
≥ 0

X1;X2;…;Xm ¼ 0 or 1

ð20Þ

where

FENPV ¼
P

m
i¼1 XiENPViP
m
i¼1 ENPVi

ð21Þ

FC ¼
P

m
i¼1 XiEð~GiÞ

C
ð22Þ

FB ¼
P

m
i¼1

h
Eð gFNPV�

i Þ � Eð gFNPViÞ
i
XiP

m
i¼1

h
Eð gFNPV�

i Þ � Eð gFNPViÞ
i ð23Þ

FGt
¼

8>>><>>>:
4

9Atα

nhP
m
i¼1 XiEð~GitÞ

i
2 þP

m
i¼1 X

2
i σ2ð~GitÞ

o
if At > λ

1
α � At

α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

nhP
m
i¼1

XiEð~GitÞ
i
2

þ
P

m
i¼1

X2
i σ

2ð~GitÞ
or if 0 ≤ At ≤ λ for t ¼ 1; 2;…K ð24Þ

Numerical Example

For an illustration on the model application, without losing the gen-
erality of the model, a much-simplified hypothetical case is pre-
sented. Let us suppose that the Indonesian Ministry of Finance
currently receives 15 proposals of BOT/PPP projects from different
technical ministries that all call for minimum revenue guarantees
[the interested reader can consult Wibowo (2004) for valuation
of other types of guarantees]. In this case, the Ministry has to decide
which projects can be guaranteed.

A preliminary analysis from the agency responsible for exam-
ining the project viability suggests that the 15 projects are both fi-
nancially and economically viable (see Tables 1 and 2). The agency
applies a 10% interest rate to evaluate the project ENPV but uses
different rates depending on individual project risk to determine

FNPV. The ENPVaggregate, if all of the projects are implemented
is IDR 1,152.34 billions. We assumed that annual project revenue is
normally distributed with a mean equal to the forecast, and the co-
efficient of variation taken as 20%. The market return is also as-
sumed to obey a normal distribution with mean 25% and
standard deviation 25%. The coefficient of correlation between
project performance and market return is set at 0.8 for all projects.

Table 3 lists data on decision variables required for project se-
lection. The weight decisions denote that the GoI assigns a higher
priority for, in a descending order, over- or underachievement as
follows: ENPV, expected total payment in present value terms,
net change in FNPV, and annual excess payment probabilities.
The weight decisions also reflect that the GoI puts less importance
on more distant worst-scenario payments. Other information
needed for model formulation is the expected benefit of guarantee,

Table 3. Input Data

Decision variable Notation Value

Expected payment in present value term C IDR 8 billion

Annual budget-at-risk At IDR 10 billion

Horizon period of guarantee program K 10 years

Excess payment probability α 5%

Weight decision for economic NPV wENPV 5.00

Weight decision for expected guarantee payment wC 4.00

Weight decision for expected guarantee benefit wB 3.00

Weight decision for excess payment probability wG1;…wG10 varied, decreasing from 1.00 (wG1) to

0.55 (wG10) at 0.05 interval
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measured by net change (or increase) in FNPV and the expected
guarantee cost for individual projects.

The uncertainties of the project i’s FNPV without and with guar-
antee can be simply written as follows:

gFNPVi ¼ �Ii0 þ
XTi

t¼1

~Rit

ð1þ riÞt

where ri = discount rate for project i; ~Rit = revenue for project i for
period t; Ii0 = investment cost for project i; and ti = concession
period for project i and

gFNPV�
i ¼ �Ii0 þ

XTi

t¼1

~Rit þ ~Git

ð1þ riÞt

where

~Git ¼
�
0 if ~Rit > Rg

it
Rg
it � ~Rit if ~Rit ≤ Rg

it

where ~Git = guarantee payment made for project i for period t; and
Rg
it = minimum guaranteed level for project i for period t. We as-

sumed that the discount rate used for evaluating FNPV after guar-
antee is the same discount rate applied for evaluating FNPV before
guarantee. The government payment in present value terms for
project i can be modeled as follows:

~Gi ¼
XTi

t¼1

~Git

ð1þ rgÞt

where rg = discount rate for guarantee payments, which is assumed
to be 10%. To simplify the problem, the minimum guaranteed rev-
enue is uniformly set at 70% of the forecast over the concession
period for all projects. This level is chosen with the argument that
the typical debt-to-equity ratio for infrastructure projects is 70=30,
so as to a avoid moral hazard of private equity investors. Under a

minimum guarantee scheme, if actual revenue turns out to be lower
than the minimum guaranteed level, the government will make up
the difference; otherwise, the government pays nothing. We per-
formed a Monte Carlo based simulation with 1,000 iterations using
Crystal Ball software to obtain some statistics of FNPV and guar-
antee payment distributions required for model development. Fig. 1
depicts the expected change in FNPVand expected guarantee pay-
ment (cost) of individual projects along with their deterministic
ENPV. The total net change in FNPV if all projects are imple-
mented is IDR 17.19 billion.

The optimization problem involves one ultimate objective func-
tion and 13 constraints with 15 primary variables (Xs) and 24 devia-
tional variables (see Appendix 2). We used Solver Add-In for Excel
to solve the problem and came up with a solution that only eight of
15 projects are selected, namely, project #1, project #4, project #6,
project #7, project #8, project #10, project #12, and project #13,
that together generate ENPV ¼ IDR 542.10 billion (FENPV ¼
0:47), the expected change in FNPV ¼ IDR 7.15 billion
(FB ¼ 0:42), and the expected payment ¼ IDR 7.67 billion
(FC ¼ 0:96). The upper thresholds of the probabilities of excess
payment for year 1–10 are 0.036 (FG1

¼ 0:72); 0.043
(FG2

¼ 0:86); 0.049 (FG3
¼ 0:97); 0.047 (FG4

¼ 0:94); 0.047
(FG5

¼ 0:95); 0.035 (FG6
¼ 0:70); 0.022 (FG7

¼ 0:44); 0.038
(FG8

¼ 0:77); 0.030 (FG9
¼ 0:61); and 0.020 (FG10

¼ 0:40), re-
spectively, and they all are below the specified level of 0.05.

Pareto Optimality Test

In the field of risk management, risk allocation between two agents
is said to be Pareto optimal or efficient when one or more agents is
better off, with none being worse off. In a GP environment, Pareto
optimality is defined as the state in which no objective can be im-
proved without degrading another objective (Tamiz et al. 1999). To
investigate whether the already obtained solution has been Pareto
efficient, we ran a Pareto optimality test using the methodology
introduced by Masud and Hwang (1981) by maximizing the
wanted deviational variables, subject to the condition that the

Fig. 1. Impact of guarantee on individual project
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resulting achievements must be at least at the same level of the prior
achievements, or

max Z�� ¼ wENPVd
þ
ENPV þ wCd�C þ wBd

þ
B þ

XK
t¼1

wGt
dþGt

subject to

FENPV ≥ 0:47; FB ≥ 0:52; FC ≤ 0:96; FG1
≤ 0:72;

FG2
≤ 0:86; FG3

≤ 0:97; FG4
≤ 0:94; FG5

≤ 0:95;

FG6
≤ 0:70; FG7

≤ 0:44; FG8
≤ 0:77; FG9

≤ 0:61;

FG10
≤ 0:40

with all other system constraints maintained. The optimality test
revealed that the prior solution had been Pareto optimal, implying
that no further improvement can be made.

Alternative Scenarios

If the government only cares about the total ENPV and the prob-
ability of budget-at-risk being exceeded, the weights for other goals
(wC and wB) can be simply set at zero and the system recalculated.
The solution of this new scenario is that the total ENPV is increased
from IDR 542.10 to IDR 613.97 billion by replacing project #8
with project #15, with the other projects retained. Other scenarios
can also be built by modifying the weights or the requirements.
Table 4 presents a set of optimal solutions under different scenarios
of annual budget-at-risk (At), risk tolerance level (α), and the ex-
pected guarantee payment in present value terms (C).

Table 4 conveys much information on the decision variables re-
lationships. For instance, all projects can only be accepted to gen-
erate the possible maximum ENPV (IDR 1,152 billion) if the
government is willing to (1) allocate an annual budget-at-risk in
the amount of IDR 20 billion; (2) to accept a 95% probability that
actual payment will not exceed the budget-at-risk; and (3) is pre-
pared to bear the expected total payment of IDR 20 billion. Alter-
natively, for an equal annual budget-at-risk of IDR 20 billion, the
government may only expect guarantee payment of IDR 15 billion,
instead of 20 billion, given that the government does not have a
problem with relaxing the confidence level from 95% to 90% to
accept all projects.

Being a more risk-averse agency, the GoI may impose a more
stringent requirement on risk tolerance at, for example α ¼ 1%. In
this case, the maximum achievable ENPV is IDR 499 billion, gen-
erated from accepting project #1, project #4, project #6, project #7,
project #10, project #12, and project #13 (not presented here to
limit the length of the paper). For an equal expected payment
(C ¼ 20) and α ¼ 1%, it is unnecessary to allot the annual
budget-at-risk greater than IDR 10 billion to have the same effect.
On the contrary, if the GoI behaves more like a risk-seeking agency
in the sense that the GoI is willing to assume higher fiscal risk, with
an expected total payment of only IDR 15 billion and annual
budget-at-risk of IDR 20 billion, the GoI can accept all projects
but must tolerate an excess-payment-probability of 10%. In a more
extreme case, the GoI can even accept all projects with an expected
total payment of only IDR 10 billion and annual budget-at-risk of
IDR 15 billion but must be very tolerant of high risk (α ¼ 25%) of
the allocated budget-at-risk being insufficient to cover actual pay-
ment. There remain countless combinations of alternative scenarios
the GoI can compare to choose the one that will deliver the highest
value for the money.

The main challenge of implementing the methodology in prac-
tice centers on the skills of government officials in identifying and
quantifying the risk of incoming projects to be selected, as well as
any contingent liability the government may incur in issuing the
guarantees. Risk and contingent liability analysis require robust
knowledge, research, and resources to solve technical and some-
times sophisticated mathematical problems. Estimating the risk
parameters required as inputs in the model application is trivial,
because many commercial software packages are available on
the market, but solving the problem of how to model and character-
ize the risk is not. In the short run, the government might be advised
to hire professionals and experts to help assess the project risk
while continuing to build the capabilities of officials through in-
and out-of-house trainings. This is the approach adopted by
the GoI.

Study Limitation and Future Work

The proposed methodology attempts to capture as many practical
and relevant issues as possible in a guarantee portfolio problem.
Nevertheless, the methodology has several limitations in its use.
For example, an annual budget-at-risk should not be idle because

Table 4. Goal Achievements under Different Scenarios of α, At , and C

α C

At ¼ 5 At ¼ 10 At ¼ 15 At ¼ 20

G1 G2 G3 G1 G2 G3 G1 G2 G3 G1 G2 G3

0.01 10 206 1.80 2.09 206 1.80 2.09 206 1.80 2.09 206 1.80 2.09

15 350 3.91 4.62 350 3.91 4.62 350 3.91 4.62 350 3.91 4.62

20 392 4.16 4.75 499 6.09 6.70 499 6.09 6.70 499 6.09 6.70

0.05 10 392 4.16 4.75 614 7.16 8.43 614 7.16 8.43 614 7.16 8.43

15 392 4.16 4.75 712 8.81 10.07 953 13.10 15.02 953 13.10 15.02

20 392 4.16 4.75 712 8.81 10.07 1,042 14.78 16.56 1,152 17.19 19.19

0.10 10 392 4.16 4.75 712 8.81 10.07 832 11.74 13.14 832 11.74 13.14

15 392 4.16 4.75 712 8.81 10.07 1,089 16.17 17.90 1,152 17.19 19.19

20 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

0.25 10 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

15 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

20 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

0.50 10 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

15 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

20 392 4.16 4.75 712 8.81 10.07 1,152 17.19 19.19 1,152 17.19 19.19

Note: G1 = economic NPV; G2 = net change in financial NPV; G3 = expected guarantee payment. All figures are in IDR billions except for α.

JOURNAL OF CONSTRUCTION ENGINEERING AND MANAGEMENT © ASCE / JULY 2011 / 519

J. Constr. Eng. Manage. 2011.137:512-522.

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Se
lc

uk
 U

ni
ve

rs
ite

si
 o

n 
01

/1
7/

15
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



an idle asset may represent a loss of opportunity to the GoI. Unless
prohibited by law, the money can be invested in liquid risk-free
securities to generate income for the fund, thus helping to reduce
the fiscal burden. This asset allocation is not discussed in the
present study.

This numerical example has shown that a number of economi-
cally viable projects may be excluded from the guarantee portfolio
because of a limited budget. Provided that the key assumptions and
parameters have been adjusted accordingly, these projects should
again be candidates for inclusion in the next period of evaluation.
Hence, every year, the GoI may receive a set of new request-for-
guarantee proposals, including those not accepted in the previous
year, and they will again have to decide which project(s) will be
selected. The fiscal space available for incoming projects must,
therefore, take into account the contingent liabilities emanating
from the previous year’s decisions. In this sense, the yearly guar-
antee program as discussed in the present paper may only represent
a subset of a broader national government program. The method-
ology used in this study is also promising in that it can be extended
to find the optimal level of guarantee to be provided for an indi-
vidual project, which is beyond the scope of the present study. All
these problems leave interesting future research venues.

Conclusions

Government guarantee provision in privately financed infrastruc-
ture projects under public-private-partnership arrangements is
not uncommon. The present paper discusses the project selection
methodology under conditions of budget and risk in the Indonesian
context by using the chance-constrained goal-programming tech-
nique. The relevant issues raised in this paper include fiscal space,
expected cost and benefit of guarantee, and probability of excess
payment. The objective is to obtain a portfolio of guaranteed proj-
ects that brings the maximum welfare gain to the economy as a
whole and net change in net present value, but at the same time
puts the government at the lowest fiscal risk under a budgetary con-
straint. The methodology was applied to a much-simplified hypo-
thetical case for illustration purposes. A set of different scenarios
were also presented and, based on the scenario analysis, the
government can compare two or more sets of scenarios and choose
which one would deliver the highest value for the money.

Appendix I

Rewriting Eq. (4) with α = upper bound and ~At = stochastic variable
yields

P

�Xm
i¼1

Xi
~Git > ~At

�
≤ α ð25Þ

Or

P

�Xm
i¼1

Xi
~Git � ~At > 0

�
≤ α ð26Þ

Let Eð~AtÞ and σð~AtÞ = expected budget-at-risk for period t and
standard deviation of budget-at-risk for period t, respectively.
Eq. (26) can be rearranged by adding both left- and right-hand side
terms in the bracket with Eð~AtÞ

P

�Xm
i¼1

Xi
~Git � ~At þ Eð~AtÞ > Eð~AtÞ

�
≤ α ð27Þ

and let

~Qt ¼
Xm
i¼1

Xi
~Git � ~At þ Eð~AtÞ ð28Þ

For the sake of simplicity, an independency between variables is
assumed

Eð~QtÞ ¼
Xm
i¼1

XiEð~AtÞ ð29Þ

σ2ð~QtÞ ¼
Xm
i¼1

X2
i σ2ð ~GitÞ þ σ2ð~AtÞ ð30Þ

The problem here is that neither zero-modal distribution nor un-
imodal distribution for ~Qt can be conveniently assumed and, ac-
cordingly, the Gauss inequality cannot be safely applied.
Alternatively, one can use the so-called Cantelli’s inequality, which
states, for any β > 0

P
h
~Qt � Eð~QtÞ ≥ βσð~QtÞ

i
≤ 1
1þ β2 ð31Þ

which is equal to

P
h
~Qt ≥ Eð~QtÞ þ βσð~QtÞ

i
≤ 1
1þ β2 ð32Þ

Setting Eð~AtÞ ¼ Eð~QtÞ þ βσð~QtÞ and rearranging Eq. (32)

P
h
~Qt ≥ Eð~AtÞ

i
≤ 1

1þ
h
Eð~AtÞ�Eð~QtÞ

σð~QtÞ

i
2 ð33Þ

The concept of the safety first principle can now be used, and the
resulting equations can be incorporated into the system constraints.

Appendix II

min Z ¼ 5d�ENPV þ 4dþC þ 3d�B þ dþG1
þ 0:95dþG2

þ 0:90dþG3þ0:85dþG4
þ 0:80dþG5

þ 0:75dþG6
þ 070dþG7

þ 0:65dþG8þ0:60dþG9
þ 0:55dþG10

subject to

1
1152:34

ð107:64X1 þ 135:66X2 þ 91:90X3 þ 56:59X4

þ 121:18X5 þ 50:65X6 þ 74:73X7 þ 42:92X8 þ 47:35X9

þ 57:74X10 þ 63:34X11 þ 77:31X12 þ 74:31X13 þ 36:02X14

þ 114:79X15Þ � dþENPV þ d�ENPV
¼ 1:00

1
8
ð1:95X1 þ 2:88X2 þ 1:50X3 þ 0:52X4 þ 1:87X5 þ 0:81X6

þ 0:79X7 þ 0:97X8 þ 1:34X9 þ 0:83X10 þ 1:30X11 þ 1:03X12

þ 0:78X13 þ 0:90X14 þ 1:73X15Þ � dþC þ d�C
¼ 1:00
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1
17:19

ð1:93X1 þ 3:06X2 þ 1:36X3 þ 0:57X4 þ 1:36X5 þ 0:59X6

þ 0:47X7 þ 1:06X8 þ 1:38X9 þ 0:74X10 þ 1:02X11 þ 1:03X12

þ 0:75X13 þ 0:78X14 þ 1:08X15Þ � dþB þ d�B
¼ 1:00

0:89½ð0:23X1 þ 0:43X2 þ 0:26X3 þ 0:16X4 þ 0:29X5 þ 0:11X6

þ 0:15X7 þ 0:19X8 þ 0:19X9 þ 0:12X10 þ 0:23X11 þ 0:25X12

þ 0:16X13 þ 0:16X14 þ 0:27X15Þ2 þ 1:06X2
1 þ 4:65X2

2

þ 1:68X2
3 þ 0:61X2

4 þ 2:58X2
5 þ 0:24X2

6 þ 0:54X2
7 þ 0:86X2

8

þ 0:99X2
9 þ 0:42X2

10 þ 1:45X2
11 þ 1:71X2

12 þ 0:82X2
13

þ 0:57X2
14 þ 1:63X2

15� � dþG1
þ d�G1

¼ 1

0:89½ð0:24X1 þ 0:63X2 þ 0:29X3 þ 0:12X4 þ 0:34X5 þ 0:16X6

þ 0:12X7 þ 0:26X8 þ 0:27X9 þ 0:17X10 þ 0:27X11 þ 0:27X12

þ 0:15X13 þ 0:14X14 þ 0:24X15Þ2 þ 1:11X2
1 þ 11:89X2

2

þ 2:29X2
3 þ 0:39X2

4 þ 3:26X2
5 þ 0:61X2

6 þ 0:37X2
7 þ 1:56X2

8

þ 1:45X2
9 þ 0:64X2

10 þ 1:68X2
11 þ 2:11X2

12 þ 0:69X2
13

þ 0:47X2
14 þ 1:48X2

15� � dþG2
þ d�G2

¼ 1

0:89½ð0:34X1 þ 0:57X2 þ 0:33X3 þ 0:15X4 þ 0:32X5 þ 0:18X6

þ 0:14X7 þ 0:23X8 þ 0:25X9 þ 0:17X10 þ 0:25X11 þ 0:27X12

þ 0:17X13 þ 0:15X14 þ 0:27X15Þ2 þ 2:37X2
1 þ 8:14X2

2

þ 3:00X2
3 þ 0:67X2

4 þ 2:39X2
5 þ 0:71X2

6 þ 0:40X2
7 þ 1:14X2

8

þ 1:71X2
9 þ 0:61X2

10 þ 1:61X2
11 þ 1:59X2

12 þ 0:76X2
13

þ 0:59X2
14 þ 1:73X2

15� � dþG3
þ d�G3

¼ 1

0:89½ð0:29X1 þ 0:60X2 þ 0:34X3 þ 0:12X4 þ 0:47X5 þ 0:16X6

þ 0:14X7 þ 0:23X8 þ 0:33X9 þ 0:16X10 þ 0:33X11 þ 0:26X12

þ 0:20X13 þ 0:17X14 þ 0:24X15Þ2 þ 1:75X2
1 þ 8:58X2

2

þ 2:72X2
3 þ 0:33X2

4 þ 4:01X2
5 þ 0:74X2

6 þ 0:45X2
7 þ 1:53X2

8

þ 2:40X2
9 þ 0:52X2

10 þ 2:73X2
11 þ 1:89X2

12 þ 0:92X2
13

þ 0:79X2
14 þ 2:05X2

15� � dþG4
þ d�G4

¼ 1

0:89½ð0:28X1 þ 0:65X2 þ 0:42X3 þ 0:12X4 þ 0:48X5 þ 0:16X6

þ 0:14X7 þ 0:19X8 þ 0:31X9 þ 0:14X10 þ 0:38X11 þ 0:31X12

þ 0:21X13 þ 0:23X14 þ 0:30X15Þ2 þ 2:02X2
1 þ 9:59X2

2

þ 3:45X2
3 þ 0:37X2

4 þ 5:81X2
5 þ 0:60X2

6 þ 0:49X2
7 þ 1:02X2

8

þ 2:18X2
9 þ 0:54X2

10 þ 3:46X2
11 þ 2:19X2

12 þ 1:00X2
13

þ 1:16X2
14 þ 2:38X2

15� � dþG5
þ d�G5

¼ 1

0:89½ð0:29X1 þ 0:71X2 þ 0:51X3 þ 0:39X5 þ 0:17X6 þ 0:13X7

þ 0:25X8 þ 0:29X9 þ 0:13X10 þ 0:38X11 þ 0:21X13 þ 0:13X14

þ 0:30X15Þ2 þ 2:28X2
1 þ 13:73X2

2 þ 6:00X2
3 þ 4:80X2

5

þ 0:57X2
6 þ 0:51X2

7 þ 1:51X2
8 þ 1:69X2

9 þ 0:50X2
10 þ 3:60X2

11

þ 1:12X2
13 þ 0:46X2

14 þ 1:88X2
15� � dþG6

þ d�G6

¼ 1

0:89½ð0:32X1 þ 0:62X2 þ 0:47X5 þ 0:14X6 þ 0:15X7 þ 0:34X9

þ 0:15X10 þ 0:21X14 þ 0:31X15Þ2 þ 2:91X2
1 þ 10:04X2

2

þ 5:43X2
5 þ 0:45X2

6 þ 0:48X2
7 þ 3:25X2

9 þ 0:55X2
10 þ 1:00X2

14

þ 2:09X2
15� � dþG7

þ d�G7

¼ 1

0:89½ð0:48X1 þ 0:14X6 þ 0:12X7 þ 0:19X10 þ 0:19X14

þ 0:34X15Þ2 þ 6:08X2
1 þ 0:57X2

6 þ 0:35X2
7 þ 0:79X2

10

þ 0:96X2
14 þ 2:45X2

15� � dþG8
þ d�G8

¼ 1

0:89½ð0:51X1 þ 0:15X7 þ 0:30X15Þ2 þ 5:85X2
1 þ 0:55X2

7

þ 2:21X2
15� � dþG9

þ d�G9

¼ 1

0:89½ð0:41X1 þ 0:29X15Þ2 þ 4:29X2
1 þ 2:22X2

15� � dþG10
þ d�G10

¼ 1
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