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ABsTRACT: Concession agreements can be used by governments to induce the private sector to develop and
operate many types of infrastructure projects. Under this type of arrangement, several private-sector companies
join forces, become project promoters, and form a separate company that becomes responsible for financing,
building, and operating the facility. Before this company can be formed, prospective promoters must determine
how to fund the associated construction and startup costs. They must decide how much to borrow, how much
to infuse from their own funds, and how much to raise from outside investors. Typically, such projects must
repay any debt obligations through their own net operating income, and do not provide the lenders with any
other collateral (off-balance-sheet financing). Thus, the possibility of a costly bankruptcy becomes much more
likely. In this paper, we show that under these circumstances the amount of debt that a project can accommodate
(its debt capacity) is less than 100% debt financing. The amount of debt that maximizes the investors’ return
on equity is less than the project’s debt capacity, and the amount of debt that maximizes the project’s net
present value is even smaller. Exceeding these debt amounts and moving towards debt capacity should be
avoided because it can rapidly erode the project’s value to the investors. An example illustrates these concepts.

INTRODUCTION

As existing infrastructure ages and demand for new facil-
ities increases due to population growth and technological
advancement, governments worldwide no longer have funds
in place, or the bonding capacity required, to finance all the
public facilities, public services, and infrastructure that they
would like to provide. In the United States, for example, the
availability of federal grants for public-works projects has
been constrained by budget deficits, while the ability of state
and municipal governments to finance construction through
bond issues has been affected by changes in tax laws and
limits on debt capacity imposed by law, political considera-
tions, or capital markets (Beidleman 1991). According to As-
chauer (1991), the lack of funds to finance infrastructure proj-
ects is one of the major causes of the economy’s faltering
productivity, profitability, and private-sector capital forma-
tion. He estimated, for example, that a 1% increase in the
stock of infrastructure capital would raise American produc-
tivity by 0.24%.

Apart from the lack of funding resources, there is an in-
creased understanding on the part of some governments that
they should not own and/or operate certain types of facilities
and infrastructure because of their less effective utilization of
resources, when compared with the more flexible and cost
conscious private sector, and because of changes in their po-
litical ideologies. Private enterprise can benefit from this sit-
uation by providing its financial resources and managerial
skills to increase its share of the infrastructure market.

In this paper we describe an arrangement for the private
financing of infrastructure projects based on concession
agreements. In this context, the objective of the paper is to
illustrate how to determine the debt capacity and optimum
financial structure for privately financed infrastructure proj-
ects. This decision is of paramount importance because it
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constrains the ability of the promoting team to go ahead with
the project. If the promoting team does not have the nec-
essary equity to achieve the optimal debt-to-equity ratio, then
it should search for additional investors until there are enough
resources to achieve the optimal capital structure. A pro-
moting team should not try to borrow as much as it can,
because this would make it worse off. Furthermore, the de-
termination of debt capacity and optimum financial structure
provides the basis for the structure and evaluation of the
possible types of guarantees (minimum production, minimum
revenue, etc.) that the host government may extend to the
project (Dias 1994).

To be as realistic as possible in the evaluation of risky debt,
the formulation developed here explicitly considers both the
possibility of bankruptcy and the effect of taxes. These are
the two main factors that influence debt policy (Brealey and
Myers 1991). The explicit consideration of bankruptcy costs
is of particular importance because privately financed projects
provide no collateral to debt holders. The discussion begins
by using a market equilibrium approach to determine the
value of the project and of its financial components (debt and
equity). Next, we show that when risky debt exists (i.e., when
the cost of bankruptcy is greater than zero), there is a limit
on the amount that can be borrowed to fund a project (i.e.,
the project’s debt capacity). Finally, we determine the capital
structure that maximizes either the investors’ return on equity,
or the project’s NPV, and show that these strategies always
require debt levels that are less than the project’s debt ca-
pacity. The application of these concepts is illustrated with
an example.

The nature of this important topic requires a relatively
complex mathematical treatment. We have chosen to present
and explain the most basic analytical results in some detail
so that they could be verified. They may also provide a start-
ing point for further investigation by other researchers. Care
has been taken to explain most of the results using common-
sense concepts so that even if most of the analysis is ignored,
the assumptions, results, and especially the conclusions can
be understood by a wide audience.

CONCESSION AGREEMENTS

A concession contract is one possible arrangement gov-
ernments can use to raise the necessary funds to finance rev-
enue-generating projects when their access to traditional sources
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of capital is constrained or undesirable. Examples of projects
that can be funded using concession arrangements include
roads, bridges, tunnels, power plants, pipelines, industrial
plants, and office buildings. This type of arrangement requires
the involvement of several companies (the promoting team)
to finance the project, perform the design, execute and man-
age its construction, and be responsible for the operation and
maintenance of the facility. Depending on the nature of the
project, the promoting team might include construction com-
panies, engineering firms, equipment and material suppliers,
plant operators, utility companies, and customers of the fa-
cility. Fig. 1illustrates possible contractual relationships (dashed
lines) and flows of capital (solid lines) among the different
participants of a concession-financed project. The shaded boxes
indicate those participants that can either be part of the pro-
moting team or serve as external providers of services.

The amount of time promoters have to construct, operate,
and maintain a facility before transferring its ownership to
the project sponsor (usually the government) is known as the
concession period. Projects that have finite concession pe-
riods are called build-operate-transfer (BOT) projects, other-
wise they are called build-operate-own (BOO) projects.

In BOT projects, the sponsor provides a concession that
permits a promoting team to build a facility and operate it
for a specific amount of time. Project promoters use the rev-
enues produced during the concession period to pay back
lenders and other shareholders, and to get a return on their
investment. After the concession period has elapsed, the op-
eration of the facility and its revenues are transferred to the
sponsor that infused, at the time of construction, very few
monetary resources. One very well-publicized example of this
method is the Channel Tunnel project linking France and the
United Kingdom by rail. BOO projects should also produce
revenues from their cash flows to cover debt, operation, and
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maintenance costs and to return profit gains to promoter
companies. However, project promoters have an unlimited
amount of time to operate the facility, as well as full own-
ership of the underlying assets. Actual examples of such proj-
ects are power plants (constructed and operated by private
utility companies) and public office buildings. This process
can be used not only for financing but also for the privatization
of public services.

Concession-financed projects are funded through a com-
bination of debt and equity capital. Debt is provided by lend-
ing institutions (e.g., banks) and equity is provided by the
companies that have an interest in the project (i.e., the pro-
moting companies) and by companies that view the project
as an investment opportunity (e.g., pension funds). The use
of debt is essential to fund large infrastructure concession
projects because promoters rarely have all the necessary fi-
nancial resources. However, the use of equity is also essential
because it complements debt financing and more easily ac-
commodates the financial needs of the project. (Debt instru-
ments present rigid payment dates and amounts, and do not
normally offer large grace periods. Equity is more flexible
because dividends are paid based on the availability of funds.)

Once a project concession is granted by the sponsor, the
promoting team creates a company, referred to as the “own-
ing company,” which is responsible for the financing, con-
struction, and operation of the facility and retains ownership
during the concession period. The creation of an owning com-
pany as a separate entity is of great benefit to the promoting
companies because it allows them to raise debt without pro-
viding a portion of their own assets as collateral. That is, the
revenues of the project are the only source to repay the debt.
In the case where the project does not produce enough rev-
enues to fully repay the debt, the lenders receive only a partial
payment of the debt obligations and do not have any rights
to demand full payment from the promoters. This type of
financing is known as off-balance-sheet financing. The debt
raised to fund the project is not secured by the promoters,
and hence it does not appear on their balance sheets, but
only on the balance sheet of the owning company.

PROJECT VALUATION USING CAPM

No finance theory can give a satisfactory explanation of
the valuation of a firm if it fails to take into account the
equilibrium of capital markets. The capital asset price model
(CAPM), developed by Sharpe (1964), Lintner (1965), and
Mossin (1966) is one such theory. It shows that the equilib-
rium rate of return on an asset is a function of its relative
risk level when compared to the market portfolio. The market
portfolio consists of a weighted average of all assets on the
market; that is, each asset contributes to the portfolio by the
proportion of its value to the total market value of the assets.
The essential relationship of the CAPM is

E[r] = ry + B:(E[F,] — rf) 1

Note that throughout this paper random variables are indi-
cated by placing a tilde (-) over their names. The CAPM
indicates that if the market is in equilibrium at time ¢t — 1,
E[7], the expected return on a risky asset (e.g., a project) i
during the period (¢ — 1, £), is 75, the risk-free rate of interest
during that period plus a risk premium, which is determined
by E[F,,] — rs, the excess rate of return on the market portfolio
(above the risk-free rate) and B;, the systematic risk of asset
i. Systematic risk, also called market risk, exists because there
are economy-wide factors that affect the entire market and
cannot be avoided no matter how much a portfolio of assets
is diversified. It is measured by determining the sensitivity of
the returns on asset i to market movements, that is
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B; = Cov(#;, 7,,)/o2 2)

An asset that has 8 > 1 is more sensitive to market movements
than the market portfolio, thus more risky, and should pro-
vide returns greater than the expected return on the market
portfolio. Similarly, an asset with B < 1 is less risky than the
market portfolio. The derivation of the CAPM, as well as its
underlying assumptions, appear in Copeland and Weston (1988,
pp. 195-198).

Hamada (1971) notes that, in a single-period situation, the
CAPM relationship [(1)] can be viewed not only as the market
equilibrium relationship between the expected rate of return
on asset i and its individual risk, but also as a minimum
expected rate of return required by the market for a given
level of systematic risk. Thus, it provides a cut-off rate against
which the expected rate of return on project i can be com-
pared. For example, if the cost of mvestmg in project i is A,
its expected value at the end of period is E[V,,], and 1ts
systematic risk is B,, then in order to be accepted (i.e.,
have a positive net present value) the project must satisfy the
following condition:

E[Vi\] _ E[V,,] -
1+ E[F] 1+ 7+ B(EF] —1) A ®

Based on Hamada’s (1971) interpretation, the CAPM can be
used to determine the present value of a project when the
market is in equilibrium. To see this, let us define the fol-
lowing rates of return:

R=1+7

(one plus the rate of return on a single-period project)  (4)

R,=1+7,

(one plus the rate of return on the market) 5)
R=1+r

(one plus the risk-free rate of interest) (6)

Note that throughout this paper we show variables that rep-
resent one plus the rate of return with capital letters (e.g.,

R, =1+ # and ROE =1 + R?e). Given this convention,
(1) can be expressed as
. Cov(R, R, )
BR) = &+ LBED rry Ry )

m

By definition, we have
R=V,/V ®

V

Cov(R, R,)) = Cov (—‘—/1, f\’m> = “I;COV(VI, R) (9
where V = present (actual) market value of the project when
the market is in equilibrium; and V;, = uncertain end-of-
period value of the project. Substituting (8) and (9) into (7)
gives

E[V)] - Cov(V,, R,)
= = Rt (ER - R)=— S0 (10)
and rearranging the terms
. ER,] - R,
E[V)] - =5 Cov(V,, R,)
V — m
R,
V — E[V1] = A COV(VI’ Rm) (11)

R,

where A = market price of a unit of risk. Note that E[V)] -
\ Cov(V,, R,,) = certainty equivalent (as determined by the
market) of the end-of-period value of project V;, and that is
why it is discounted by the risk-free rate (instead of R) in
order to calculate the actual market value of the project.

BANKRUPTCY COSTS

Let us consider a one-period privately financed project,
which costs a certain amount A to be built, is financed through
the use of equity and debt, and generates a net operating
income X at the end of its operatlonal period. Then, the end-
of—perrod market value of the project, V;, can be calculated
by summing the end-of-period market values of the outstand-
ing debt and equity

V., =D, + §, (12)

The end-of-period market value of equity, $,, is uncertain as
the earnings received by the equity holders depend on the
net operating income of the project, X, and on the amount
of debt outstanding. The end-of-period market value of debt,
Dl, is uncertain because it also depends on the net operatmg
income of the project, and because the debt repayment is not
guaranteed by the promoting companies. If the net operating
income, X, is greater than the amount borrowed at the be-
ginning of the project (debt principal) plus the promised in-
terest, then the debt holders will receive the full promised
amount d, (principal plus interest) at the end of the period.
On the other hand, if the project does not produce a net
operating income sufficient to repay the debt (X < d,), the
owning company does not meet its debt obligation, enters a
state of financial distress, and becomes bankrupt. In this case,
debt holders take ownership of the company and pay the costs
of bankruptcy before they receive any payment. Details of
this process are described in Martin and Scott (1976), Hong
and Rappaport (1978), and Kim (1978).

Kim (1978) discusses the different types of bankruptcy costs
and classifies them into two categories: direct costs and in-
direct costs. For infrastructure projects, direct costs include
administrative expenses (e.g., legal fees, trustee fees, referee
fees, and time lost by executives in litigation). Indirect costs
are incurred basically in the form of trustee certificates. These
certificates are used to raise new capital for the continuance
of the services provided by the project facility and become
senior instruments to the outstanding debt of the bankrupt
company. In this paper, bankruptcy costs are represented by
the following linear function (Kim 1978):

B=b+bX (0=B=2X) (13)

where B = uncertain cost of bankruptcy and is a positive—
non-greater-than function of X; b, = expected value of the
components of bankruptcy costs (expressed in monetary units)
that are independent of the company’s net operating income
X (i.e., those costs that do not depend on the size of the
owning company); and b, = a variable cost coefficient that
relates the costs of bankruptcy, B, to the net operating income
X (if Bis independent of X, then b, is zero).

For convenience, it is assumed that once in bankruptcy the
owning company is liquidated and its proceedings get dis-
tributed according to the Bankruptcy Reform Act of 1978.
Thus, administrative expenses associated with liquidating the
project (i.e., bankruptcy costs), such as fees and other com-
pensation paid to trustees, attorneys, accountants, etc., are
paid before the debt holders claims on the project assets.
Empirical studies on bankruptcies show that administrative
expenses range from 4% to 20% of a company’s assets de-
pending on the type of company analyzed and other sample
characteristics (Van Horne 1986).
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Present Value of Debt

For a one-period privately financed project, the amount D
that the owning company can borrow depends on the risk
characteristics of the amount d, it promises to repay at the
end of the period

d, = D(1 + Inf) (14)

where Int = nominal interest rate charged by the lenders.
Because the loan is risky, however, the amount E[D,] that
the lenders expect to receive is less than the full promised
amount d, and their expected return E[F,] is less than Int

E[D\] = D(1 + E[7p)) (15)

For the same reason, as the promised amount d, increases,
so does the risk faced by the debt holders and so does the
nominal interest rate /nt they demand. As shown below, when
d, reaches a certain level, the required nominal interest Int
is so large that the debt amount D can actually decrease (even
though the owning company promises to pay more). To il-
lustrate this behavior in a mathematically tractable manner,
and without loss of generality, the remaining discussion fo-
cuses on the evaluation of debt and equity for a one-period
project. The analysis for multiperiod projects, although sim-
ilar, is best undertaken using numerical methods.

The loan amount D (i.e., the present value of a project’s
debt as determined by the market) can be computed by fol-
lowing the same line of reasoning used to determine V, the
present market value of a project [(11)]

E[D\] — X\ Cov(D,, R,)
Ry

D= (16)
where E[D,] = expected value of the debt at time 1; A =
market price per unit of risk; Cov(D,, R,,) = covariance
between the value of debt at time 1 and one plus the rate of
return on the market; and R, = one plus the risk-free rate.

The end-of-period value of debt, D, depends on the end-
of-period project net operating income, X, and can be ex-
pressed as

D, =d, ifX=d, (17a)

D,=X-B iftB=X<d (17b)
D, =0 ifX<B,ie,X<b =b/l-1b) (17c)

Thus, if the net operating income at the end of the period is
greater than the promised amount d,, the debt holders receive
the full debt payments. Otherwise, they receive the net op-
erating income minus the bankruptcy costs, provided this
difference is positive, and nothing if the difference is negative
(the entire net operating income is consumed by bankruptcy
costs). Alternatively, D, can be expressed in the following
equation form: ’

D, =d,(1 - 3,3, + 8,5, X — 8,3,(b, + b, X) (18)

where 8, and §, = binary variables defined as follows:

8, =0 ifX=d; 8, =1 ifX<d, (19a,b)
3, =0 ifX<b =bJl~b,) (20a)
5, =1 if X=b (20b)

Note that when the owmng company is not bankrupt, i.e.,
X=d, thend, = 0, 8, =1,and D1 = d,. Similarly, when
in bankruptcy and X = b iie., B=X<d, thend, = 1,
% =1,and D, = (1 - b, )X b;. Finally, when in bank-
ruptcyandX<b' ie., X<B then 8, = 1,3, = 0, and
D, = 0. Fig. 2 shows the value of D, as a functlon of X. Fig.
2(a) shows D, (when bankruptcy costs are not considered)

(@) Theoretical (b) Actual
B b B b B
dy : d, —
b E dill-b)-by]
by +b, d; | B

5 5, o
0 ; : 4 : i

0 b'=b/(1-b,) 4 X 0 b'=bg/(I-b,) 4 %

FIG. 2. Value of Debt (D,) and Bankruptcy Costs (B) as Function
of NOI (X)

and B (without the restriction B < X). Fig. 2(b) illustrates
the actual values of D, given by (18), when bankruptcy costs
are considered, and the values of B with the restriction B <
X imposed.

The expected value of the end-of-period debt, E[D,], can
be calculated from (18) as

E[D|] = d\(E[3,] — E[5,3,]) + (1 — b,)E[5,3,X] — b,E[3,3,]

2y

The expected values on the right-hand side of (21) are derived
in Appendix II under the assumption that X follows a normal
distribution. Substituting (65), (66), and (68) into (21) and
rearranging the terms gives

E[Dl] = dl[l - Fx(dx)] + (1 - bv){E[X][FX(dl) - Fx(b,)]

+ 0% [fx(b") = fx(d)]} = by[Fx(d) — Fx(b")] (22)

Therefore, the expected end-of-period payment to debt hold-
ers after bankruptcy costs (i.e., the value of debt at time 1)
is the full promised amount d, multiplied by the probability
that the project does not go bankrupt plus the conditional
expected end-of-period project net cash flow given that the
project is bankrupt minus the expected value of the bank-
Tuptcy costs.
The Cov(D,, R,,) in (16) can be expressed as

Cov(D,, R,)) = Cov[d,(1 — 8,)8, + §,8,X

= 8,9,(b; + b,X), R,] (23a)
Cov(D,, R,)) = d, Cov(3,, R,,) — (d, + b;)Cov(3,8,, R,,)

+ (1 - b,)Cov(3,5,X, R,) (23b)

Substituting the covariances on the right-hand side of the
equation by (74) and (76) of Appendix II, rearranging terms,
and multiplying both sides by \ gives

A COV(Dla Rm) ={(1 = b)[Fx(d)) — Fx(b")]
+ (by + b.d)) fx(d))}\ COV(X' R,,,) (24)

Eq. (24) shows that the systematlc risk premium on the proj-
ect’s debt, A Cov(Dl, ), is equal to the project’s systematic
operating risk premium, A Cov(X, R,,), multiplied by a factor
that represents the probability that debt holders would only
receive some partial payment (given by the occurrence of
bankruptcy) plus the systematic risk premium on the project’s
bankruptcy costs, A Cov(X, R, (b + b,d,) fx(d,) — b.[Fx(d,)
= Fx (b))}

Therefore, if the company is not bankrupt at the end of
the period (or if the company has a 0% probability of going
into bankruptcy), debt holders receive a fixed amount d, that
has no systematlc relationship with the market. It is only when
the company is bankrupt that D, (and also X) presents a
systematic risk that cannot be diversified away by the debt
holders. This is reflected in the following equation for B,
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_ COV(RD, Rm) _ COV(DU Rm)
b = o = Doz (25a)
o= S8 LRa) (1 b @) - B
+ (by + b,d,) fx(dy)} (25b)

From (25) one can see that 8, increases as bankruptcy costs
increase. This can be shown by examining the terms in (25)
that depend on b, and b,. Given that d, =< E[X ], the area of
a rectangle with base d1 and height fx(d,) is always greater
than the area under a normal distribution Fy(d;) — Fx(b').
Thus, it follows that (b; + b,d,) fx(d,) is always greater than
b,[Fx(d,) — Fx(b")]. This relationship together with the con-
dition Cov(X, R,,) > 0 implies that higher bankruptcy costs
result in a higher systematic risk premium on the project’s
debt. In other words, as bankruptcy costs increase so does
the risk premium required by the debt holders.

The market value of debt, D, can be calculated by substi-
tuting (22) and (24) into (16)

= (UR){d\[1 = Fx(d)] + (1 = b {E[X][Fx(d))
= Fx(b)] + ox[fx(b") - fx(d)lt - b/[FX(dl)
— Fx(b")] = X Cov(X, R,)[(1 — b,)[Fx(d))

= Fx(b)] + (b; + b.d) fx(d)]} (26)

Note that, in the absence of bankruptcy costs (i.e., by = b,
= 0), the present value of debt (i.e., the amount that the
owning company can borrow) is the promised amount d, to
be paid to debt holders at the end of the period multiplied
by the probability that the company does not go bankrupt,
plus the conditional expected value of the project’s net in-
come given that the company goes into bankruptcy minus the
company’s operating risk premium, A Cov(X, R,,), multiplied
by the company’s probability of bankruptcy (all discounted
at the risk-free rate).

Present Value of Equity

The amount of money that must be invested as equity in
a project that costs A, given a debt level D, is A — D. As
soon as this money is invested in a project with a positive
NPV, however, its market value increases to S, and the net

present value of the project is
NPV =S—-(A-D)=S+D-A=V-A4 (27)

The present (market) value of S can be expressed in the same

form used to express the actual market value of the debt of

a project, D, that is

E[S,] — A Cov(S,, R,)
R,

S = (28)
where E[S,] = expected value of the end-of-period value of
equity; and Cov(S;, R,,) = covariance between the end-of-
period value of equity and the return on the market.

The end-of-period value of equity, S,, represents the mar-
ket value of the company after debt obligations are paid to
debt holders and taxes are paid to the government, that is

S, =0 — T)X — DInt — Dep) + Dep — D  (29)

where DInt = interest due on the debt; and Dep = depre-
ciation. Because D(1 + Int) = d, and assuming that Dep =
A, (29) can be rewritten as

S$;=01-TYX —d) + T(A - D) (30)
Equity holders have limited liability and do not have any

obligations to pay if the company goes bankrupt (i.e., if X
< d, then S, = 0). As a result, S, can be expressed more
accurately as

S, =01 -TX-d)+ TA-D) ifX=d, (3la)
8§, =0 ifX<d, (31b)

Alternatively, S, can be expressed in the following equation
form:

Si=0-D[X-4d]JQ -3,) + TA -D)1~-3,) (32

Using the relationships developed in Appendix 1I, the ex-
pected value of the end-of-period equity, E[S,], is

E[S)] = [(1 - T)(E[X] - d)) + T(A - D)][1 - Fx(d)]
+ (1 = T)okfx(d) (33)

Therefore, the expected end-of-period value of the owning
company after all obligations have been satisfied is the after-
tax conditional expected value of the project’s net operating
income given that the company is not bankrupt, 1 - D{EX]
— Fx(d))] + o%(d;)}, minus the after-tax value of the debt
obligations multiplied by the probability that the company is
not bankrupt, (1 — T)d,[1 - F X(dl)] plus the expected value
of the tax credits, T(A — D)[1 — Fx(d,)].

Following the procedure used to calculate Cov(D,, R,,),
the systematic risk premium on the company’s equity, A Cov(S;,
R,.), is given by

A COV(SU Rm) = {1 = D1 - Fx(dy]
+ T(A — D)fe(d)I\ Cov(X, R,,) (34)

Here, A Cov(S;, R,,) is equal to the after-tax project’s sys-
tematic operating risk premium, (1 — 7)x Cov(X, R,,), mul-
tiplied by the probability that the company does not go bank-
rupt plus the systematic risk premium on tax credits, T(4 —
D)fX(dl))\ COV(X7 Rm)

Finally, the present (market) value of equity, S, can be
calculated by substituting (33) and (34) into (28)

= (UR(1 = TY(E[X] — d)) + T(A — D)][1 — Fx(d))]
+ (1 = T)okfx(dy) = N Cov(X, R,)[(1 — T)[1 — Fx(d))]
+ T(A = D) fx(d)l} (35)

PROJECT DEBT CAPACITY

PrOJect debt capacity, D¢, is defined as the maximum amount
an owning company can borrow in a perfect capital market
in order to fund a project. For the concept of debt capacity
to be meaningful, it is necessary to show that there exists a
finite value d$ that satisfies the following two conditions: 3D/
dd, = 0 and 42D/dd3 < 0. The first derivative is given by
differentiating (26) with respect to d,

22~i(6_dl 8[dFx(d)]
ad, R/\od,  od,
1= fops 2D _ o 2}
- bf”g—;dl) — ACov(X,R,)
. — aF«“’(dl) an(dl) a[dlfx(dl)]
{(1 b.) ad, o ad, by ad, }) (36)

After performing differentiations, substituting [6Fx(d,)]/
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ad, by fx(d,) and [8 fx(d,))/ad, by —[(d, — E[X])/O'%x]fx(dl)

and collecting terms, (36) becomes
aD/ad, = (U/R;) (1 — Fx(d,) — (bs + b,d,) fx(d))
~ A Cov(X, R,.) f(d {1 — [(d, = E[X])/o%](b; + b.dy)})

(37)
Setting (37) equal to zero gives
1 — Fy(d)) = (b; + b,d,)) fx(d)) + \ Cov(X, R,)fx(d,)
{1l = [(d, — E[X])o%](b, + b.d)} (38)

The second derivative, 92D/3d?, can be calculated by differ-
entiating (37) with respect to d;:

a’D _fX(dl) _ d, - E[X]
071_% = R, ( 1+b»s,)+ ( o ){(b,+ b,d,)

+ N Cov(X, R )[1 —(b;+b d)(—a—Em bv>]})
(39)

An inspection of (39) shows that 8°D/ad} < 0 for any d, <
E[X]. Hence, as long as the first condition is met inside the
interval 0 = D < A, d¢ corresponds to a maximum.

According to Rolle’s theorem, d$ exists only when the right-
hand side (RHS) of (38) can assume values greater than the
left-hand side (LHS). This is because at low values of d,, LHS
> RHS and dD/dd, > 0. Thus, values of d, that satisfy LHS
< RHS inside the interval 0 = D < A [or within 0 = d;, <
A(1 + Int)] assure that 3D/dd, = 0 at some finite point d.
Therefore, D¢ can be calculated by substituting the promised
amount d¢ that satisfies (38) into (16).

Eq. (38) can be arranged to show how the level of bank-
ruptcy costs affects the existence of the debt capacity of an
owning company

Fy(d,) — ) COV(X’ Rm)fX(dl)

1 —
fr(dy) [1 - ("——ﬂ)ﬂ) A Cov(X, Rm)]
Ox

Thus, if the bankruptcy costs satisfy this condition and 0 =
d, < A(l + Int), then there is a finite limit on the owning
company s debt capacity. If bankruptcy is costless, but there
is still the possibility the company might go bankrupt, debt
capacity exists as long as A Cov(X R,.) > [1 — Fx(d))ifx(d,).
_ Notice that the numerator in (40), 1 — Fx(d;) — X\ Cov(X,
R,.)fx(d,), is the same as the certainty equivalent of one
dollar associated with the occurrence of bankruptcy, E[3,] -
A Cov(3,, R,,) [see (64) and (73)]. Thus, in the extreme where
bankruptcy becomes certain, the numerator in (40) becomes
zero and from (38) we see that RHS > LHS. Consequently,
at the same extreme, dD/dd, is reduced to

b, + b,d, > (40)

9D _ ) {(1 b.)(d, — E[X]) - \ Cov(X, R,,)

'(—bfdlj'—zE[X] + bl,>}
X (41)

This equation illustrates that, when bankruptcy is certain
and costly, dD/dd, is always negative. Hence, debt capacity
is always reached (i.e., dD/dd; = 0) before bankruptcy be-
comes certain. This means, that in the presence of bankruptcy
costs that satisfy (40) within the interval 0 = 4, < A(1 +
Int), the owning company can never borrow 100% of the
project’s costs even if it wants to. Promising to pay more in
the future (i.e., increasing d, beyond df) does not increase

D because of the higher risk of bankruptcy and its associated
costs.

OPTIMAL CAPITAL STRUCTURE

The optimal financial structure of an owning company is
defined here as the combination of debt and equity that achieves
a financial objective. Two such objectives are investigated:
maximizing the return on the equity holders’ investment (ROE)
and maximizing the project’s net present value (NPV). .

The ROE is calculated by dividing the end-of-period value
of the project after all obligations have been paid (i.e., ex-
penses, debt, and taxes) by the amount initially infused by
project investors, that is

ROE = $,/(A — D) (42)

To determine the financial structure that maximizes the return
to project investors, it is necessary to follow a procedure
similar to the one used to determine debt capacity, that is,

to set JE[ROE]/ad, = 0 and to verify that ?E[ROE}ad? <
0.
Differentiating E[S,]/((A — D) with respect to d, gives
aE[Sd

(A-D)+ E[S]

JE[ROE] _ & ( E[S,] >=

ad,  ad,\(A - D) (A - Dy

43)

JE[ROE] 1
od, (A - D)

[(A - D) <—(1 — D1 = Fx(d))]

oD «.0D
- T{(A = D)fx(d) + 5;1—1[1 - Fx(th)]}) + E[S1] a_d,]
(44)
Because the optimal capital structure occurs when
9E[ROEYad, = 0, (44) yields

BS54 = (4 - D) ((1 — T)[L = Fu(d)]
+ T{(A - D)) + 5o 11 - Fx<d1)1}) )
and solving for 4 D/dd, gives
3D (1 - T)[l - FX(dl)] + T(A D)fX(d) (46)
6d1 E[S]
oy T = Fu(@)]

Note that the numerator and the denominator of (46) are
positive for d; < d$ and A > D. To prove that the denom-
inator of (46) is always positive, it is only necessary to show
that E[S,] > T(A — D)[1 — Fx(d,)], which is trivial because
0 < T[1 — Fx(d))] <1 and E[S;] = A — D for a positive

NPV project. Consequently, when aE[ROE Vod, = 0 we al-
ways have dD/dd, > 0. Thus, the company’s optimal capital
structure always occurs before its debt capacity is reached,
dRPE < d$, where df°E, the promised debt amount that
maximizes the return to equity holders, is the value of d, that
satisfies (46). Therefore, when debt capacity does not allow
100% debt financing (A > D), an owning company that wants
to maximize its return on investment should borrow at less
than debt capacity. If the project’s debt capacity allows 100%
debt financing (i.e., D = A), (46) gives dD/dd, = 0 and the
optimal capital structure occurs at 100% debt financing.

A similar analysis can be undertaken for the objective of
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maximizing the project’s net present value. From (27) we see
that the optimal capital structure that maximizes NPV is ex-
actly the same as the amount of debt and equity that maxi-
mizes the wealth of the equity holder in traditional finance
(Brealey and Myers 1991), that is,

NPV 8V oD 4§
ad,  ad, ad, * ad, 0 (47)

The objective of maximizing the equity holders’ wealth does
not usually provide the same “optimal” capital structure as
the objective of maximizing their returns. The two objectives
provide similar results only when

av|  _eEROE]l  _ “8)
E)dl dfOE Gdl d{zog
and this implies:
E[ROE|d, = d%°F] ~ R, (49)

To see this, substitute 3 D/3d, by —3S/dd, [from (47)], E[S,]

= E[RBE 1(A — D) [from (42)] into (43) and let d{ be the
value of d, that satisfies (47)

IE[ROE] 1 [4E[S)] ~ 38
= — E[ROE]| — 50
od, | v A—D[ad1 [ROE 3, 2 (50)
Setting the right-hand side of (50) equal to zero gives
~ _ JE[S$)od,
E[ROE] = — & o= a (51)

Substituting d E[S,]/dd, by the definition given in (28) yields

(9/0d,)Cov(S,, R,)
a8/ad,

This derivation implies that if d} # d£°F then the objective

E[ROE] = R, + \ R, (52

of maximizing the E[RBE] does not provide an “optimal

capital structure” similar to the objective of maximizing stock-

holders’ wealth. More specifically, d} < dfo% if
(9/0d,)ICov(S,, R,)

E[ROE] Id{eoz >R+ A 3S/ad, ~ R, (53)

In other words, since (53) should always be true, the max-
imization of return on equity investment always allows more
borrowing then the maximization of the company’s net pres-
ent value. This is made evident by the following example.

EXAMPLE

This section presents an example to illustrate the concepts
developed in previous sections. Table 1 shows the input pa-

TABLE 1. Input Parameters for Example Project

Project Market
Variable Value Variable Value
(1) (2) (3) (4)

A $2,170 E[R,] 1.14

E[X] $2,750 O 0.25

oy $800 T 0.35

Px.Rm 0.70 R, 1.06

b, $100

b, 0.30

Note: All dollar values in millions.

rameters necessary for the determination of the debt capacity
and the optimal capital structure of a privately financed proj-
ect and displays the specific values assumed for the param-
eters in this example.

Table 2 contains the numerical values of D, S, V, NPV,

DI/A, E|fpl, Int, E[Fs], E[Roe], 3D/od,, dE[ROE}/dd,, and
dV/ad, for different d, values. The present (market) values
of debt and equity, D and S, are calculated from (26) and
(35). The present value of the projectis V = D + §, and
NPV =V — A. Of course, these are only valid for § = 0.
The percentage of debt financing used in the project, D/A,
is the ratio between the present value of the project’s debt
(i.e., the amount of money debt holders will provide to the
project) and the initial cost of the project.

The effective return on debt, E[7p], is the expected return
for the debt holders. It can be determined by substituting
(25) into (1). Thus, D(1 + E[7p]) is the repayment amount
debt holders expect to receive at the end of the period. The
promised return on debt, Int, is the interest rate debt holders
would charge the owning company in order to lend them D.
Int is calculated as the ratio between d, and D, minus one.

The required return on equity, E[7s], is the return investors
would expect to receive if they had invested in an openly
traded asset that presents the same degree of risk as the
privately financed project (i.e., Baser = Bproject)- The expected

return on equity investment, E[Roe], is the ratio between the
expected end-of-period value of the project after all obliga-
tions have been paid and the amount infused by investors at
the beginning of the period, minus one. The rates of change,

dD/3d,, 9E[ROEY}/ad,, and dV/dd,, are calculated from (37),
(46), and (47), respectively.

Fig. 3 shows D, S, and V, as d, increases. According to
(16), the value of the debt is the amount of money debt
holders expect to receive at the end of the period minus the
systematic risk premium on the project’s debt (i.e., the amount
lenders charge to buy part of the project’s systematic oper-
ating risk premium from the owning company), divided by
R;. As long as d, < df, any increment on the promised debt
amount increases the amount debt holders expect to receive
at the end of the period more than it increases the amount
they charge to take the risk from the owning company. Thus,
any increment in d; would increase both the nominal interest
rate Int and the loan amount D; that is, in the interval (0,
d5), the systematic risk preminum on the project’s debt would
never dominate the expected debt repayment amount.

At d, = d$, the market value of the debt holders’ holdings
reaches a maximum, therefore D¢ is the maximum amount
of money the owning company can borrow from debt holders
(i.e., the debt capacity of the project). At this point, a small
increase in d, is completely offset by an appropriate increase
in Int, leaving D¢ constant. If d; > d¢, debt holders would
decrease the amount they would lend to the owning company
because the amount charged by them to buy the risk from
the company would always dominate the amount they expect
to receive from debt repayment; that is, an increase in d,
results in such a large increase in Int that the value of the
debt D actually decreases.

As d, increases, the value of the equity, S, decreases be-
cause the probability of bankruptcy increases and the amount
infused by investors decreases. As the probability of bank-
ruptcy increases, the likelihood that a project generates enough
income to distribute earnings to investors, after paying for all
financial obligations, decreases. If d; > df, investors would,
theoretically, infuse more equity to finance the project (be-
cause D now decreases). However, the probability of bank-
ruptcy more than offsets this increase in equity infusion and
S would still decrease as d, increases past df.
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TABLE 2. Example Results

Promised | Market Market | Market Net Effective | Promised | Required | Return on
debt value of | value of | value of | present Debt return on | return on | return on equity
amount debt equity project value financing debt debt equity invesfthent —
d, D N) v (NPV) DIA VIrp] Int E[Fs] E[Roe] | oDl/od, | OE[ROE)ad, | aV/ad,
(1) (2 () 4 (5) (6) (7) (8) 9) (10) (11) (12) (13)
0 0 2,293 2,293 123 0.000 0.060 0.060 0.111 0.174 0.94 5.79E - 05 0.02
174 164 2,132 2,295 125 0.075 0.061 0.061 0.115 0.184 0.94 6.70E - 05 0.02
347 327 1,971 2,298 128 0.151 0.061 0.062 0.119 0.197 0.94 7.79E - 05 0.01
521 490 1,810 2,300 130 0.226 0.062 0.064 0.125 0.212 0.94 9.06E —05 0.01
694 651 1,649 2,301 131 0.300 0.062 0.066 0.131 0.229 0.93 1.0SE—-04 0.00
714 670 1,631 2,301 131 0.309 0.063 0.066 0.132 0.231 0.93 1.07E—-04 0.00
868 811 1,489 2,300 130 0.374 0.064 0.070 0.139 0.248 0.91 1.21E-04 | —0.01
1,042 968 1,329 2,297 127 0.446 0.066 0.076 0.149 0.271 0.89 1.36E—-04 | —0.02
1,215 1,119 1,172 2,291 121 0.516 0.069 0.086 0.161 0.295 0.85 1.47TE-04 | —0.04
1,389 1,264 1,018 2,282 112 0.582 0.073 0.099 0.176 0.321 0.80 1.47E-04 | —0.07
1,562 1,397 871 2,268 98 0.644 0.078 0.118 0.194 0.345 0.73 1.24E-04 | —-0.10
1,736 1,517 732 2,249 79 0.699 0.085 0.145 0.215 0.362 0.64 5.65E-05 | —0.13
1,800 1,556 684 2,240 70 0.717 0.088 0.157 0.224 0.364 0.60 1.49E-05 | —0.14
1,910 1,619 605 2,223 53 0.746 0.093 0.180 0.241 0.360 0.53| —834E-05 | —0.17
2,083 1,700 491 2,191 21 0.783 0.102 0.225 0.270 0.327 0.41| —3.19E-04 | —0.21
2,179 1,736 434 2,170 0 0.800 0.107 0.255 0.289 0.289 0.34| —4.87E-04 | —0.23
2,257 1,759 392 2,151 -19 0.811 0.112 0.283 0.305 0.245 028 —6.37TE-04 | —0.25
2,430 1,796 308 2,104 —66 0.828 0.122 0.353 0.343 0.106 0.15| —9.54E—-04 | —0.29
2,604 1,812 238 2,050 -120 0.835 0.132 0.437 0.386 -0.079 0.03] —1.14E-03 | —0.33
2,659 1,812 219 2,031 —139 0.835 0.135 0.467 0.401 —-0.143 0.00| —1.16E—-03 | —0.34
2,778 1,809 181 1,990 —180 0.834 0.142 0.536 0.435 —-0.280 -0.06 | —1.14E-03 | —0.36
2,951 1,792 135 1,927 —243 0.826 0.150 0.647 0.489 -0.467 | —0.13| —9.91E-04 | —0.36
3,125 1,766 99 1,865 -305 0.814 0.155 0.769 0.552 -0.621 | —0.17| —7.80E—04 | —0.35
3,298 1,736 70 1,806 —364 0.800 0.159 0.900 0.624 -0.738 —-0.18| =5.79E-04 | —0.32
3,472 1,706 48 1,754 —416 0.786 0.160 1.035 0.708 -0.824 —-0.17| —4.14E-04 | —0.32

Note: All dollar values in millions.
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Rates of Change of D, E[lic\;e], and V as Functions of d,

Fig. 3 shows that the value of the owning company, V, first
increases slightly as d, increases, reaches a maximum at d}
and then decreases. Fig. 4 shows the point d} where dV/dd,
= dNPV/od, = 0, and thus illustrates the existence a debt
financing amount, DY, that maximizes the value of the owning
company as well as the NPV of the project.

The dashed lines in Figs. 5 and 6 correspond to the expected
values of the returns on the debt and equity of an openly
traded asset that has the same risk class as the privately fi-
nanced project. The solid lines represent the investors’ ex-
pected rate of return on equity, the interest rate charged by
debt holders, and the project’s NPV. Fig. 5 shows that the
difference between Int and E[F,,] widens as d, increases, and
thus, illustrates how the premium charged by lenders to take
some of the net income risks from the investors increases as
d, increases. It also shows that the promised debt amounts
dY and df°F do indeed maximize the project’s NPV and the
investors’ expected return on equity. Fig. 3 shows the asso-
ciated optimal debt amounts DY and D®% (depending on
which objective one chooses to maximize).

Moreover, Figs. 5 and 6 show that E[Ia;e] can be larger

than, equal to, or smaller than E[7s]. At point “Z,” E[é;e]
= E[F,] and the project has NPV = 0. Promised debt amounts

smaller than the one corresponding to “Z” yield E[Roe] >
E[7]; consequently, the project has a positive NPV and inves-
tors earn more than the return required by the market (as
they should, because they are the ones that create value by
making the project a reality).

Fig. 6 is similar to Fig. 5 but uses “percent debt financing”
(i.e., D/A) as the x-axis instead of the promised debt amount
d,. Thus, it illustrates the existence of a ‘‘debt-capacity fron-
tier” at df that limits the borrowing of the owning company.
The reason, of course, is the existence of a maximum debt
Dc< as shown in Fig. 3. For example, if 78.3% of the project
is financed through debt, then lenders would provide $1,700
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M and would require a promised debt amount of either $2,083
M (if d, < dS) or $3,510 M (if d, > df). Thus, depending on
whether d, is smaller or larger than d§, lenders would charge
an interest of either 27% or 106% and would have an expected
return of either 10.2% or 16.0%. It is obvious that, from the
owning company’s viewpoint, it would always prefer to prom-
ise to pay less for the money it borrows. Therefore, the com-
pany will never borrow more than the debt capacity of the
project, because it would always put it in a worse situation
than if it borrows up to capacity. Similarly, the lenders would
never be able to expect a return on the debt greater than the
E[7p] that occurs at df.

Fig. 6 also shows that both the project’s NPV and

E[Roe] decline rapidly as D approaches D<. Thus, both ob-
jectives can be quite sensitive to the amount of debt used to
finance the project and the owning company should take great
care to avoid excessive borrowing even if lenders are willing
to provide the debt.

CONCLUSION

Private promotion of projects is an alternative arrangement
for developing and implementing many types of projects that
range from civil infrastructure works to industrial facilities.
The involvement of the private sector can provide two major
benefits: gains in efficiency arising from the business expertise
offered by the private sector (e.g., innovation, marketing and
management skills) and greater incentives for the control of
construction, operating, and maintenance costs; and the pro-
vision of additional finance for economically justifiable proj-
ects. A more detailed discussion of the many benefits of
concession-financed projects appears in Dias (1994).

The creation of a single-project company allows off-bal-

ance-sheet financing, which is advantageous to corporate equity
holders because of their limited liability. This situation creates
risky and “expensive” debt because debt holders increase
their risk premiums to account for the probability that the
owning company defaults. We have shown that there is a limit
to what owning companies can borrow to finance a project
(debt capacity). If bankruptcy is costly, this limit is reached
before bankruptcy becomes certain. We have also shown that
if equity holders want to maximize the project’s net present
value, or the return on their investment, then they should
borrow less than the available debt capacity. We have also
compared the objective of maximizing equity returns with the
more traditional objective of maximizing equity holders’ wealth
(i.e., net present value). From this it was shown that the
capital structure used to maximize returns would allow more
debt financing than the more traditional objective of maxi-
mizing wealth and NPV. Most importantly, we have illus-
trated that the project’s NPV and the equity holders return
can be quite sensitive to the selected debt-equity ratio and
decline rapidly as the owning company borrows more than
the optimal amount in an attempt to reach the project’s debt
capacity level D¢. Thus, the issue of optimal capital structure
merits significant attention at the project-evaluation -phase.

A one-period project was assumed in order to keep the
mathematical analysis as simple as possible. The same general
conclusions, however, are also valid for multiperiod projects.
The analysis, in this case, is best undertaken using numerical
methods (a simple spreadsheet model may be sufficient) that
apply the basic mathematical results presented earlier over
many periods. An extension of these concepts to the evalu-
ation of the effect of government guarantees on project fi-
nancing appears in Dias (1994).
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APPENDIX I. BASIC FORMULAS FOR NORMALLY
DISTRIBUTED RANDOM VARIABLES

Partial Moments of Normally Distributed Random
Variables

The first partial moment of a normal distribution is given
by
Y
EX] = [ Xfu(%) aX (54)

E![X] = E[X][Fx(b) — Fx(a)] + ok{fx(a) — fx(B)] (55)

Proof

b b
f XfX(X) dX = f 2);0_ e~ X-mp¥esk) dX (56)
a a \( X

Substituting X by my + Uocy and dX by oy dU in the
foregoing equation, we have

G-movox .+ Uoy

_ -0 4y 57,
a—my)oy \/211' ¢ v ( a)

[ &) ax = j(

[ &y ax = 2% T et gy
a fX( ) N V2w J@a—myyoy €
Oy (b—my)loy B s B
+ —= —(12)U
V2 Sy U6 au (57b)
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f“ " Xfu(X) dX = my [FU (b — ’"X) - F, (“ ;’"’ﬂ

1 2 2 1 2
+ o2 e~ (a—my)aak) e~ (b—my)(20%)
X [\/Zmrx V2moy

(57¢)

[ %5u®) 4 = mulFu) ~ (@] + 031f@) ~ f(®)
(57d)

The second partial moment of a normal distribution is given
by

x = [ Xopa(h) ax (58a)
ENX] = (ELX] + o2)[Fx(b) — Fx(@)]
+ OHEXIf@) — FO)] + afx(@) — bfx(B))  (58b)

The proof of (58) follows a reasoning similar to the one
used to prove (55). Alternatively, Winkler et al. (1972, pp.
294) provide an equation that can be used to calculate the
partial nth moment of a normal distribution,

g% = | %rpu%) ak (59)

Eb [X"] = —a%b" 1 fy(b)
+ (n — 1)o%E? [X"?] + E[X]E® [X"1] (59b)
Forn =2

g% = [ Xep) ax (60a)

E? [X?] = —o0%bfy(b) + o%E* [X°] + E[X]E® [X]
(60b)

EY LX) = —03bf(b) + 03Fx() + EIX] | Xfu(X) dX

(60c)
Therefore
E!X?] = ailafx(a) — bfx(b)] + o}[Fx(b) — Fx(a)]
+ B [ &) ax ©1)

EY[X?] = (E[X] + 0%)[Fx(b) — Fx(a)]
+ o} {EX][fx(@) — fx(B)] + afx(a) — bfx(b)} (62)

Conditional Expected Values for Jointly Normally
Distributed Random Variables

According to Benjamin and Cornell (1970, pp. 421) if and
only if X and R,, are jointly normally distributed, then

ERX = 9 = [ Rufusx®olX = 0 dR,  (630)

BIRJX = 3] = EIR,] + bux 522 (X = ELX]) (630)

) (X — E[X]) (63¢c)

ER,|X = x]= Cov(X R
X

E[R,] +

APPENDIX Il. DERIVATION OF AUXILIARY
MATHEMATICAL RELATIONSHIPS

Determination of Expected Values

Given that 8, and 8, are Bernoulli random variables with
a certain probability of success, and that X and R,, are nor-
mally distributed random variables, then

E[3,] = P[Success] = Fx(d,) (64)

—_ bf — !
E[sql—l—FX(1~b) =1- F)  (6)

v,

Bon) = Fald) — By (125 ) = Ed) = B@) 69

1-b,
EBa X = |3, X50) dX = [ XpuX) X (@)

This equation is similar to (54). Therefore

E[SbSqX] = E[X][FX(dl) = Fx(b")] + o3[ fx(b') — fX(dE%]S)

E[5,3,R,] = j_w L 8,8,R frx, (X, R,) dR,, dX  (69a)

EOR,) = [ 88,5(0) [ Rofue(RolX = 1) dR, aX
(69b)

Substituting (63) into (69) and from the definitions just
given above

E[5,5,R,] = E[R,]E[5,3,]
¢ CYER) g (d) - Fo)]
Fx (b} (70)

EB3 AR, = || 88, XRufrn (X Ry) dR, dX (T1a)

+ ox[fx (") — fx(d)] - E[X][FX(dl) -

E8 AR, = [ 881 (8) [ Rofin(Rol X
= x) dR,, dX (71b)
Substituting (63), (58), and (55) into (71) gives
E[3,8,XR,] = E[R,{E[X][Fx(d,) — Fx(b")]
+ o) — feld) + KR

{ok[b'fx (b)) — difx(d)] + ok[Fx(d) — Fx(0)]}  (72)
Determination of Covariances
Cov(3,3,, R,) = E[8,3,R,] — E[5,5,]E[R,] (73)
Substituting (66) and (70) into (73) gives

COV(X R,)
O'

Cov(3,9,, R, = okl fx (") — fx(d)]

+ E[R,)E[5,8,] — E[R,]E[3,3,] (74a)
Cov(3,3,, R,,) = [fx(b') — fx(d)]Cov(X, R,) (74b)
COV(BbSqX ,,,) = E[3,9, XRm] - E[B,,S‘,X]E[Rm] (75)
Substituting (70) and (72) into (75) gives
Cov(8,8,X, R,) = E[R,KE[X|[Fx(d\) — Fx(b")]
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b LA - fuldyp + XK Ra)

{ox[b' fx(b) — difx(d)] + ok[Fx(d)) — Fx(b")]}

— E[R,HE[X][Fx(d) — Fx(b')] + 0&[fx(d') — fx(d)]}
(76a)

Cov(3,3,X, R,,) = {Fx(d)) — Fx(b") + [b'fx(b")

- dle(dl)]}Cov(X’ Rm) (76b)
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APPENDIX IV. NOTATION

The following symbols are used in this paper:

A

B

Il

total project cost;
total cost of bankruptcy;

[ YA

™ M <Ny

(=4

>

b,/(1 — b,) = net operating income (X) level at which
lenders are repaid nothing;

fixed cost of bankruptcy;

variable cost of bankruptcy;

amount borrowed by owning company (project debt)
while promising to repay d, at end of period 1;
uncertain market value of project’s debt at end of
period 1;

- D@ + Int), amount promised to be paid to lenders

at end of period 1, (i.e., principal + interest);
amount of d, that maximizes debt amount for project
(i.e., project reaches its debt capacity, D¢;

amount of d, that maximizes investors’ return on equity;
amount of d, that maximizes project’s value, NPV;
expected value of random variable U,

cumulative distribution function (CDF) of random
variable U evaluated at u;

probability density function (PDF) of random variable
U evaluated at u;

nominal interest rate charged by lenders, which cre-
ates repayment obligation d, (at end of period 1) on
loan D;

1 + 7, one plus rate of return on single-period project;
1 + rs, one plus risk-free rate of interest;

1 + #,,, one plus rate of return on market;

1 + Roe, one plus investors’ return on equity;
actual rate of return on debt D (depends on how much
of promised amount d, is actually paid to lenders at
end of period 1);

actual rate of return on equity S;

present market value of project’s equity when market
is in equilibrium,;

uncertain market value of project’s equity at end of
period 1;

corporate income tax rate;

present (actual) market value of project when market
is in equilibrium; :

uncertain market value of project at end of period 1;
net operating income (NOI) generated by project at
end of period 1;

asset beta as defined by capital asset pricing model
(CAPM); ‘

several binary (0, 1) auxiliary variables (defined when
introduced in text);

market price of unit of risk (expected excess return
that must be given up by asset to reduce unit of its
risk); and

variance of random variable U.
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