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ERRORS I N  PRESENT WORTH EVALUATIONS ATTRIBUTABLE TO THE 

END-OF-YEAR AND MID-YEAR CASH FLOW CONVENTIONS 

J a c k  R. Lohmann 

U n i v e r s i t y  o f  Michigan 

R. V. Oakford 

S t a n f o r d  U n i v e r s i t y  

INTRODUCTION 

S e v e r a l  t e c h n i c a l  n o t e s  i n  t h i s  j o u r n a l  [ 4 ] ,  [ 5 ] ,  [ 6 ] ,  and [ 7 ]  have a d d r e s s e d  ' 

t h e  problem o f  computa t iona l  e r r o r s  i n t r o d u c e d  i n  t h e  u s e  of t h e  c l a s s i c  e n g i n e e r i n g  

economy end-of-year cash f l o w  convent ion.  They proposed m o d i f i c a t i o n s  t o  t h e  con- 

v e n t i o n  t h a t  were i n t e n d e d  t o  improve t h e  computa t iona l  accuracy  i n  performing 

d i s c o u n t i n g  ( o r  compounding) c a l c u l a t i o n s .  Th i s  n o t e  summarizes b r i e f l y  t h e  r e s u l t s  

of a  r a t h e r  d e t a i l e d  s t u d y  of e r r o r s  i n  t h e  v a l u e  o f  p r e s e n t  w o t t h s  a t t r i b u t a b l e  t o  

t h e  end-of-year cash  f low conven t ion  and t h e  mid-year cash  f l o w  convention.  The 

r e s u l t s  s u g g e s t  t h a t  u n l e s s  t h e  a n a l y s t  is  d e a l i n g  w i t h  h i g h  d i s c o u n t  r a t e s  o r  h a s  

fewer  t h a n  a  h a l f  dozen c a s h  f lows  w i t h i n  each y e a r ,  t h e  a d d i t i o n a l  accuracy ga ined  

by t h e  m o d i f i c a t i o n s  d i s c u s s e d  i n  t h e s e  n o t e s  probably  does n o t  j u s t i f y  t h e  a d d i t i o n a l  

c a l c u l a t i o n s .  The r e s u l t s  a l s o  show t h a t  t h e  mid-year conven t ion  t e n d s  t o  be  more 

a c c u r a t e  t h a n  t h e  end-of-year convent ion,  and a  formula  t o  c o n v e r t  a p r e s e n t  worth  

e v a l u a t e d  w i t h  t h e  end-of-year conven t ion  t o  i t s  c o u n t e r p a r t  e v a l u a t e d  w i t h  mid-year 

conven t ion  i s  p r e s e n t e d .  

CASH n o w  CONVENTIONS 

An e n g i n e e r i n g  economy s t u d y  i n v o l v e s  f o r e c a s t s  o f  t h e  amounts and t iming  o f  

f u t u r e  c a s h  f lows.  To s impl?fy  b o t h  f o r e c a s t i n g  and t h e  subsequent  computat ions ,  

c e r t a i n  cash  f low conven t ions  (models) abou t  t h e  t iming  and t h e  p a t t e r n  of t h e  

a n t i c i p a t e d  c a s h  f low have evolved.  Among t h e  many cash  f low convent ions  used,  

t h e  end-of-year (EOY) cash  f low conven t ion  i s  p r o b a b i l y  ' t h e  most wide ly  known. 

It h a s  been adopted i n  most e n g i n e e r i n g  economy t e x t s .  I n  essence ,  i t  t r e a t s  a l l  
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cash flows occurr ing  a f t e r  time t and through time t f l  a s  though they a c t u a l l y  

occurred a t  t ime t+l. It should be remembered, however, t h a t  t h e  EOY convention 

i s  r e a l l y  a s p e c i a l  case  of the  more gene ra l  end-of-period convention where a n  

a r b i t r a r y  per iod  ( u n i t )  of time can be s e l e c t e d  f o r  t h e  economy study. By making t h e  

time period s u f f i c i e n t l y  s h o r t ,  t h e  e r r o r s  a t t r i b u t a b l e  t o  t he  cash flow convention 

could be made a r b i t r a r i l y  small .  The mid-year (14Y) cash  f low convention, which t r e a t s  

a l l  cash flows occurr ing  a f t e r  time t and through time t+l a s  occurr ing  a t  time 

t + 1 / 2 ,  i . e . ,  a s  a 'lump-sum' i n  t he .midd le  of t h e  yea r ,  i s  thought t o  be t h e  second 

most widely used convention. 

Cash flow conventions a r e  approximations t o  r e a l i t y ,  of course,  and a r e  used t o  

f a c i l i t a t e  t he  s o l u t i o n  of economy s t u d i e s  a t  t h e  sacr i ' f fce of some accuracy i n  t h e  

r e s u l t s .  Occasional ly a cash flow convent ion w i l l  model t h e  a n t i c i p a t e d  cash flows 

accu ra t e ly .  For example, some loans  and l e a s e s  can be modeled p r e c i s e l y  wi th  an EDY 

convention. However, t h e  cash flows of many product ive  investment o p p o r t u n i t i e s  and 

borrowing o p p o r t u n i t i e s  of  a non-contractural  n a t u r e  can only be approximated by 

e i t h e r  t h e  EOY or  t h e  MY conventions. 

E r ro r s  i n  r e p r e s e n t a t i o n  l ead  t o  e r r o r s  i n  eva lua t ion ,  of course. One source  

of e r r o r  is  unce r t a in ty  about t h e  amounts and timing of f u t u r e  cash flows, t h a t  is,  

e r r o r s  i n  e s t ima t ion . .  The e f f e c t  of  such e r r o r s  i s  d i f f i c u l t ,  i f  no t  impossible ,  t o  

eva lua t e  wi th  c l a s s i c a l  mathematical a n a l y s i s ,  however r e c e n t  research  used computer 

s imula t ion  t o  s tudy t h e  e f f e c t  of e r r o r s  i n  e s t ima t ion  of t he  expected va lues  of cash  

flows on the  long run f i n a n c i a l  performance of a f i rm [ . I ] ,  [3] .  Er rors  introduced 

i n  p re sen t  worth computations a t t r i b u t a b l e  t o  t he  cash flow convention adopted can 

be  eva lua ted  more e a s i l y .  

A STUDY O F  COMPUTATION ERRORS 

The au tho r s  made a d e t a i l e d ,  genera l  s tudy  of t h e  e r r o r s  a t t r i b u t a b l e  t o  t he  EOY 

and MY cash flow conventions i n  p r e s e n t  worth computations. Mathematical fomulas were 

developed f o r  determining t h e  r e l a t i v e  e r r o r  i n  computing t h e  present  worth of  s i x  

commonly encountered cash flow p a t t e r n s :  a s i n g l e  cash flow, uniform s e r i e s ,  

exponent ia l  s e r i e s ,  a r i t h m e t i c  (g rad ien t )  s e r i e s ,  s tep-exponential  s e r i e s  and s tep-  

a r i t h m e t i c  (g rad ien t )  s e r i e s .  The formulas expressed t h e  r e l a t i v e  computational 

e r r o r  i n  terms of t h e  r a t i o  of t h e  a c t u a l  p re sen t  w o r t h - ( o f  a hypothef ica l  o r  a c t u a l  

cash flow s e r i e s  spanning n y e a r s  wi th  m cash flows occu r r ing  each yea r )  t o  t h e  computed 
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presen t  worth when t h e  m a c t u a l  cash flows each year  were assumed t o  occur a s  

'lump-sums' e i t h e r  a t  the end o r  a t  t he  middle of each year ,  accordingly a s  the  

EOY o r  t he  MY convention was adopted. The p re sen t  worth eva lua t ion  of the  a c t u a l  

cash flow s e r i e s  assumed rn compounding per iods  pe r  year .  The formulas were used 

t o  e v a l u a t e  the  e f f e c t s  of vary ing  t h e  fol lowing f a c t o r s :  (I) t h e  number of cash 

flows each yea r ,  rn ( I  < m < m ) ,  (2) t h e  number of  yea r s ,  n, (3)  t he  e f f e c t i v e  annual - 
discount  r a t e ,  r, and ( 4 )  t h e  a c t u a l  t iming of t he  m in t ra -year  cash flows e i t h e r  a t  

t h e  end, E, middle, M, o r  beginning,, B, of t he  rn per iods  wi th in  each year .  

I n  t h i s  no te ,  we d e f i n e  the  e r r o r  by formula 

e = [PW using EOY o r  MY/PW of a c t u a l  s e r i e s ]  - 1.0  

This  r a t i o  i s  the  r e c i p r o c a l  of t he  one descr ibed  above. Values of e > 0 r ep re sen t  

overes t imates  and values of e < 0 r ep re sen t  underest imates  of t he  a c t u a l  PW. 

A b r i e f  summary of t h e  r e s u l t s  of t h e  genera l  s tudy follows. 

(1) Except f o r  t h e  a r i t h m e t i c  s e r i e s ,  t he  computational e r r o r  i s  s o l e l y  a  

func t ion  of t h e  d iscount  r a t e ,  r, and . t he  number of cash f l o ~ ~ s  per  year ,  

rn. For t h e  a r i t h m e t i c  s e r . i e s ,  t h e  e r r o r  is a l s o  a func t ion  of n; however, 

t h e  incremental e r r o r  a t t r i b u t a b l e  t o  n i s  small  f o r  n < 7 yea r s  and 

n e g l i g i b l e  f o r  n > 7 years .  

-(2) For a l l  cash flow p a t t e r n s  considered,  t h e  magnitude of t h e  e r r o r  i n c r e a s e s  

a s  t h e  discount  r a t e ,  r, i n c r e a s e s . b u t  t h e  e r r o r  approaches a  l i m i t  a s  t h e  

number of cash flows per  yea r ,  m ,  increases .  F igure  1 i l l u s t r a t e s  t h i s  

r e s u l t  g raph ica l ly  f o r  a uniform s e r i e s  and two discount  r a t e s ,  0.10 and 

0.20, and f o r  va lues  of m ranging from one t o  twelve cash flows per  year .  

I n  F igure  1, the  l e f t  graph r e s u l t e d  when r = 0.10 and t h e  r i g h t  when 

r = 0.20. The t h r e e  s o l i d  l i n e s  show t h e  r e l a t i v e  e r r o r  from t h e  u s e  of 

t h e  EOY convention, and t h e  dashed from t h e  use  of t h e  MY convention, when 

t h e  a c t u a l  cash flows occur  e i t h e r  a t  t h e  end (E) ,  middle (My o r  beginning 

( B )  of t h e  rn periods wi th in  each year. 

(3) As i l l u s t r a t e d  by Figure  1, the  EOY convention never overes t imates  t h e  

a c t u a l  PW, i . e . ,  e < 0 ,  bu t  t he  MY convention can e i t h e r  underest imate o r  

overes t imate  t he  a c t u a l  PW. The EOY convent ion 's  maximum e r r o r  r e s u l t s ,  

r e g a r d l e s s  of t h e  cash flow p a t t e r n ,  when t h e  cash flows a c t u a l l y  occur  
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1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  

Cash 61ow (per iods)  per  year, m 

I' 
G 

~4 -I EOY 

1 2  3 4 5 6 7 8 9 1 0 1 1 1 2  

Cash f?ow (per iods )  per  year ,  m 

Figure 1. Example of r e l a t i v e  computational e r r o r  when the  a c t u a l  cash flows a r e  
a uniform s e r i e s  and. t h e  d iscount  r a t e  is  r = 0.10 ( l e f t )  and r = 0.20 
( r i g h t ) .  The s e t s  of t h r e e  curves f o r  each convention ( s o l i d  l i n e s  EOY 
and dashed l i n e s  MY) show t h e  r e l a t i v e  e r r o r  when t h e  a c t u a l  cash flows 
occur  e i t h e r  a t  t he  end ( E ) ,  middle (M) o r  beginning ( B )  of t h e  m per iods  
p e r  year. 
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a t  t h e  beginning of each year ,  and t h e  e r r o r  i s  equal  t o  

e = -r/(l+rl 
EOY, max ( 2) 

The minimum e r r o r  is ,  of course,  zero when t h e  cash f lows a c t u a l l y  occur  

a t  t h e  end of each year .  The MY convent ion 's  maximum underestimate,  regard- 

l e s s  of t he  cash flow p a t t e r n ,  r e s u l t s  when the  cash flows a c t u a l l y  occur a t  

the beginning of the  year ,  and i s  

e = ( I r r )  
-z/2 

MY, max (under) - 1 

Simi l a r ly ,  t h e  MY convent ion 's  maximum overes t imate  r e s u l t s  when t h e  cash 

flows a c t u a l l y  occur a t  t h e  end of each year  and i s  

e 1 / 2  = (I+rl - I 
MY,max (over) 

The minimum e r r o r  f o r  t h e  MY convention occurs  when t h e  a c t u a l  cash flows 

occur  annual ly a t  t h e  middle of t h e  year  and t h e  e r r o r  is,  of course,  zero.  

(4) A s  m inc reases  (approaching i n f i n i t y ) ,  a d i s c r e t e  cash flow p a t t e r n  

approaches a corresponding continuous cash flow p a t t e r n  a s  a l i m i t ,  and t h e  

maximum and minimum r e l a t i v e  e r r o r s  from using e i t h e r  t h e  EOY o r  t h e  MY 

convention converge t o  e i t h e r  e EOY, 
o r  e 

M y ,  
which r ep resen t  t h e  r e l a t i v e  

e r r o r s  f o r  t h e  corresponding continuous cash flow pa t t e rns .  

I f  the  continuous cash flow p a t t e r n  is  exponent ial ,  of which the  uniform 

is a s p e c i a l  case ,  t he  r e l a t i v e  e r r o r  introduced by t h e  EOY convention 

e EOY, ~0 = ,[ ((zo - Il/ln(zoll/((z-l)/Zn(z)il - I 

which exceeds ( i s  more nega t ive  than) t h a t  i n t r o d u c ~ d  by t h e  MY convention 

where z = ( l+ r ) / ( l i y ) ,  zo = 1 (l+y), and y i s  t he  r a t e  of growth (y>O) o r  

decay (y<O) of t h e  cash flow i n  t h e  exponent ial  pa t t e rns .  Note t h a t  a 

uniform cash flow p a t t e r n  r e s u l t s  when y = 0. 
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I f  t he  continuous cash flow p a t t e r n  is  l i n e a r  ( t h e  l i m i t  of an  a r i t h -  

met ic  s e r i e s  s t a r t i n g  a t  time ze ro ) ,  t h e  r e l a t i v e  e r r o r  by the  EOY convention 

is  

e EOY, O0 = [((P/A,r,n)/Z + (P/G,r,n))/(~/~,r,nl] - 1 

and t h e  MY e r r o r  i s  

where (~/c,r,n) i s  t h e  equivalence f a c t o r  f o r  a continuous l i n e a r  f low 

funct ion .  See Oakford [2,  pp. 62-641, t h e  symbol used t h e r e  i s  LR?(g,nl. . 

(5) I n  gene ra l ,  t h e  MY convention in t roduces  l e s s  computational e r r o r  than 

t h e  EOY convention. Notice i n  F igu re  1 t h a t  t h e  curves  f o r  t h e  MY conven- 

t i o n  are centered  around e=O and t h e i r  ranges  a r e  comparable t o  those  f o r  

t h e  EOY convention -ahich l i e  below e=O. Simi l a r  r e s u l t s  were observed 

f o r  t h e  o t h e r  cash f low p a t t e r n s  considered i n  t h e  gene ra l  s tudy  c i t e d  

above. 

(6) Conversion of a PW evaluated wi th  t h e  EOY convention t o  i t s  coun te rpa r t  

eva lua ted  wi th  the  MY convention i s  a simple mat te r :  

CONCLUSION 

For most cases ,  t h e  impact of cash f low convent ions is p r imar i ly  a mat ter  of t h e  

r e l a t i v e  accuracy of t h e  r e s u l t s .  However, con t r ad ic to ry  accep t - r e j ec t  d e c i s i o n s  

can r e s u l t .  For i n s t ance ,  cons ider  a $3,750 investment which i s  expected t o  y i e l d  

a uniform $100 end of month s e r i e s  f o r  5 yea r s .  The a c t u a l  p re sen t  worth of t h e  

uniform s e r i e s  wi th  r = 0.2 is  $3,906.88. However, using Figure  1 o r  computing 

d i r e c t l y ,  t h e  EOY convention p re sen t  worth of  t h e  uniform s e r i e s  is  $3,588.73 and 

i ts  MY p re sen t  worth i s  $3,931.26. Consequently, t h e  a c t u a l  present  worth i s  

+ $156.88 whereas t h e  EOY present  worth i s  - $161.27 and t h e  MY p re sen t  worth is  

$181.26. Other t h ings  being equal ,  t h e  convent ions suggest  oppos i t e  dec i s ions .  
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It  is  l i k e l y  t h a t  e r r o r s  i n  e s t h a t i o n  of t h e  amount and timing of the  cash 

flow w i l l  have a g r e a t e r  in f luence  on t h e  r e s u l t s  of a n  economy study than t h e  

computational e r r o r  introduced by t h e  cash f low convention adopted. A s  mentioned 

e a r l i e r ,  some r e sea rch  has  a l ready  begun t o  i n v e s t i g a t e  t h e  in f luence  of e r r o r s  i n  

e s t ima t ion  of t h e  magnitudes (bu t  no t  t h e  t iming) of cash f lows on t h e  long run 

f i n a n c i a l  performance of hypo the t i ca l  f i rms  [ I ] ,  [3] .  Fu r the r  research  is needed i n  

t h i s  long neglected area.  
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